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Abstract. We compute the graviton one-loop correction to the local expansion rate
in cosmological space-times. The calculation presented here is gauge invariant and
builds on a recent proposal to explicitly construct observables in perturbative quantum
gravity at all orders in perturbation theory. We revisit a recent computation performed
by Fröb [Class. Quantum Grav. 36 (2019) 095010] in the case of cosmological space-
times with constant deceleration parameter (these include the matter- and radiation-
dominated universes) and present new results for slow-roll inflation, with both slow-
roll parameters finite. In slow-roll inflation, the quantum-gravity contributions can be
written in terms of a quantum-corrected first slow-roll parameter, which can have a
small increase or decrease with respect to its background value depending on the value
of both slow-roll parameters.
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1. Introduction
The quantum gravitational backreaction on the cosmological (or Hubble) expansion
rate has received attention from many authors—see e.g. Refs. [1–14]—as it could
be a natural mechanism to end the inflationary phase of the early Universe. This
problem can be tackled from the perspective of perturbative quantum gravity, i.e.
by approaching quantum gravity as an effective field theory [15], where the quantum
fluctuations of the metric evolve over a classical space-time. Albeit known to be non-
renormalisable, perturbative quantum gravity is able to make predictions valid at energy
scales well below the Planck scale. These include the power spectra of the scalar metric
perturbations at the tree level measured from the anisotropies in the cosmic microwave
background (CMB) [16–18], which are the only experimental evidence of quantum
gravitational effects we have so far.
The physical picture behind the backreaction on the accelerated expansion can be
sketched as follows [1, 19]. The fast space-time expansion during inflation copiously
excites gravitons out of the vacuum [20, 21]. At tree level these quantum excitations are
responsible for seeding the CMB anisotropies [22, 23]. The Einstein equation, however,
is non-linear, and at higher loop orders the gravitons interact by attracting each other
(since gravity is an attractive force), which should effectively slow inflation down after
enough time has elapsed [24, 25].
It is clear that in order to compute graviton-loop effects, we must be able to identify
suitable observables accounting for them. This, however, is a notoriously difficult task
in perturbative quantum gravity. At the heart of this difficulty lies the fact that the
gauge symmetry of the graviton‡ stems out the diffeomorphism invariance of general
relativity. Differently from e.g. Yang-Mills theories, where the gauge symmetry is an
internal symmetry, gauge transformations in perturbative quantum gravity can be seen
as effectively moving the space-time points around. This precludes the existence of
local (i.e. defined at a point) gauge-invariant observables at all orders in perturbation
theory [26–28], although it is possible to find a complete set of local and gauge-
invariant observables in linearised gravity [29–31]. This difficulty in identifying suitable
(necessarily non-local) observables at higher orders is a key ingredient in the conflict
among some of the results found in the literature on the backreaction of graviton loops
on the cosmological expansion, see e.g. Refs. [3, 32–34] and references therein.
An important issue in constructing gauge-invariant observables in perturbative
quantum gravity is the nature of their non-locality [14]. As mentioned above, even
though gauge-invariant observables in perturbative quantum gravity are necessarily
non-local it is possible to identify a complete set of local gauge-invariant observables
in linearised gravity. Hence, it seems reasonable to expect that any non-locality should
only appear beyond linear order in perturbation theory. In addition, we would like the
non-locality to be such that the observable is causal, i.e. its support should be restricted
to the past lightcone of the observation point, in order to avoid unphysical “action-at-
‡ We call any metric perturbation ‘graviton’ for short, not only the transverse traceless part.
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a-distance” processes.
A way to construct gauge-invariant observables with non-localities satisfying those
requirements is by extending Dirac’s ‘dressing’ method for quantum electrodynamics [35]
to perturbative quantum gravity. In this approach one ‘dresses’ the bare field operators
with a graviton cloud in order to make the resulting composite operator gauge
invariant [36–38]. This seem to be an interesting framework for describing physical
particles carrying (or dressed with) their own gravitational field, and also find
applications to the issue of localisation of quantum information in gravity [39, 40] and
potentially in the context of black holes [41].
An alternative method was recently put forward by Brunetti et al [42] and
further developed by Fröb and Lima in Refs. [43, 44]. In this proposal the space-
time points are labeled by field-dependent coordinates obtained as solutions of scalar
differential equation on the perturbed space-time. The field operators corresponding
to the observables are then made gauge-invariant when expressed in terms of these
coordinates. The coordinates depend on the space-time metric (and possibly other fields)
in a non-local, but causal way and can be constructed on any space-time at any order
in perturbation theory.
The latter method has recently been employed by Fröb [14] to compute the one-loop
quantum gravitational backreaction on the local cosmological expansion in spatial flat
Friedmann-Lemaître-Robertson-Walker (FLRW) space-times sourced by a single scalar
field (single-field inflation) with constant deceleration parameter. Here we shall revisit
that calculation and extend it to slow-roll space-times, with both slow-roll parameters
finite. Slow-roll space-times are relevant for inflationary cosmology. Furthermore, it has
been conjectured that they could unveil more details about the renormalisation of the
quantum observable corresponding to the local cosmological expansion rate [14].
The paper is organised as follows. In Sec. 2 we review the proposal of Refs. [42–
44] in general space-times and then particularise the discussion to single-field inflation.
In Sec. 3 we introduce an observable describing the local cosmological expansion in
single-field inflation, compute and renormalise its expectation value to one-loop order
in matter- and radiation-dominated universes and in slow-roll inflation. We present
our conclusions and directions to future work in Sec. 4. We relegate some technical
computations to the appendices. We use the − + + · · ·+ convention for the metric
signature in a n-dimensional space-time and set c = ~ = 1 and κ2 ≡ 16piGN.
2. Gauge-invariant observables
In the proposal of Brunetti et al [42] and Fröb and Lima [43, 44], the gauge-invariant
observables are of the relational type. Relational observables are obtained by considering
the field operator at a point where other fields have prescribed values, instead of at a
point parameterised by the background space-time coordinates. They have a long history
in general relativity [45–52] and quantum gravity, see e.g. Ref. [53] for a recent review.
This approach relies on the construction of scalar fields as functionals of the fields ψ
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in the system. These scalars are then employed as configuration-dependent coordinates
X˜(α)[ψ], with α = 0, 1, . . . , n − 1. In principle, the viability of the method depends on
the background space-time to be generic enough, so it is able to differentiate points by
the values of those scalars. Another way is to simply introduce the scalars by hand, such
as in the case of the Gaussian [54] and Brown-Kuchař [55] dust models. This, however,
changes the physical content of the theory and affects the observables, as shown e.g. by
Giesel et al [56–58].
2.1. Configuration-dependent coordinates
The problem of building relational observables in highly symmetrical geometries, such
as FLRW space-times, has been overcome only recently in Ref. [42]. The solution
presented there is to (perturbatively) construct the configuration-dependent scalars
from scalar differential equations that are known to be satisfied on the background. For
perturbations around the Minkowski space-time in Cartesian coordinates, for instance,
a simple choice is to take [43]
∇˜2X˜(α)[g˜] = 0 , (1)
where ∇˜2 ≡ ∇˜µ∇˜µ denotes the Laplace-Beltrami operator of the perturbed metric g˜µν .
Note that the coordinates X˜(α) are scalars, therefore the notation with the index α within
parenthesis. In fact, the coordinates defined by Eq. (1) can be employed in perturbed
space-times around arbitrary backgrounds, as long as the background is covered by
coordinates satisfying the wave equation.
That equation can be generalised in different ways. A possibility is to consider
∇˜2X˜(α)[g˜] = F (α)(X˜) , (2)
and since we want this equation to be fulfilled on the background we choose
F (α)(X˜) = (∇2xα)(X˜) , (3)
where xα denotes the background coordinates and (∇2xα)(X˜) means we replace xα by
X˜(α) after we have computed the derivative, i.e. we keep the functional form of the
result. As an example, let us consider the case of perturbations around a pure de Sitter
background and write the metric in terms of the co-moving coordinates, i.e.
ds2 = −dt2 + e2Htdx2 , (4)
with H as the Hubble constant at this point. Then, ∇2t = −(n − 1)H, ∇2xi = 0 and,
thus, Eq. (2) defines the configuration-dependent coordinates X˜(α) in the perturbed
space-time as
∇˜2X˜(0)[g˜] = −(n− 1)H , (5a)
∇˜2X˜(i)[g˜] = 0 . (5b)
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Apart from an overall sign, X˜(0) above is precisely the non-local scalar field used by
Tsamis and Woodard [34] in their definition of an observable accounting for the local
expansion on de Sitter background. Their observable, however, is invariant only with
respect to pure time coordinate transformations, and thus useful in more restrict context
where both the background and the state of perturbations are spatially homogeneous.
We now turn to the perturbative solution of Eq. (2). We write the perturbed metric
g˜µν = gµν + κg(1)µν and note that for any two metric tensors g˜µν and gµν , the difference
between the covariant derivative operators associated to them acting on a covector field
ωµ is a tensor Cσµν—see, e.g. Ref. [59]—i.e.
∇˜µων = ∇µων − Cσµνωσ , (6)
where Cσµν can be conveniently expressed in terms of the covariant derivative of gµν as
Cσµν =
1
2 g˜
σλ(∇µg˜νλ +∇ν g˜µλ −∇λg˜µν) . (7)
Then
∇˜µ∇˜µX˜(α)[g˜] = g˜µν∇µ∇νX˜(α)[g˜]− g˜µνCσµν∇σX˜(α)[g˜] . (8)
Next, we expand the coordinates X˜(α), the contraction g˜µνCσµν and the inverse perturbed
metric tensor as
X˜(α)[g˜] = xα +
∞∑
`=1
κ`X
(α)
(`) (x) , (9)
g˜µνCσµν =
∞∑
`=1
κ`Cσ(`) (10)
and
g˜µν = gµν +
∞∑
`=1
κ`g˜µν(`) , (11)
respectively. Details on the expansion of Cσµν and g˜µν and other quantities on a general
background, up to order κ3, can be found in Appendix A. Finally, we use Eq. (9) to
Taylor expand F (α) as
F (α)(X˜) = F (α)(x) +
∞∑
`=1
κ`
[
X
(σ)
(`) ∇σ
+
∞∑
m=2
1
m!
`+1−m∑
k1,...,km−1=1
X
(σ1)
(k1) . . . X
(σm−1)
(km−1)X
(σm)
(`−k1−···−km−1)∇σ1 . . .∇σm
F (α)(x) ,
(12)
and then impose Eq. (2). At zeroth order we obtained an identity and for ` ≥ 1 we get
∇2X(α)(`) −∇σF (α)(x)X(σ)(`)
=
`−1∑
k=0
[
Cσ(`−k)∇σ − g˜µν(`−k)∇µ∇ν
]
X
(α)
(k)
+
∞∑
m=2
1
m!
`+1−m∑
k1,...,km−1=1
X
(σ1)
(k1) . . . X
(σm−1)
(km−1)X
(σm)
(`−k1−···−km−1)∇σ1 . . .∇σmF (α)(x) ,
(13)
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with X(α)(0) = xα.
Equation (2) can be solved recursively as
X
(α)
(`) (x) = −
∫ √
−g(y)dnyGαβ(x, y)
{
`−1∑
k=0
[
g˜µν(`−k)∇µ∇νX(β)(k) − Cσ(`−k)∇σX(β)(k)
]
(y)
−
∞∑
m=2
1
m!
`+1−m∑
k1,...,km−1=1
X
(σ1)
(k1) (y) . . . X
(σm−1)
(km−1) (y)X
(σm)
(`−k1−···−km−1)(y)∇σ1 . . .∇σmF (β)(y)
 ,
(14)
where Gαβ(x, y) is the Green’s function that satisfies
∇2Gαβ(x, y)−∇σF (α)(x)Gσβ(x, y) =
δ(n)(x− y)√
−g(x)
δαβ . (15)
Equation (15) allows for different choices of Green’s functions consistent with different
choices of initial conditions, each of which corresponding to a different definition of the
coordinates X˜(α). In Minkowski space-time, for example, the use of the in-out formalism
requires the definition of X˜(α) in terms of the Feynman propagator, as initial and final
conditions are given in the asymptotic past and future, respectively [43]. Nevertheless,
in more general space-times we are usually interested in the causal evolution of the
observables expectation value, instead of their matrix elements between in and out
states.§ The natural choice in that case is to impose the initial conditions
X˜(α)(t0,x) = xα and ∂tX˜(α)(t0,x) = 0 , (16)
for which one needs the retarded Green’s function.
2.2. Gauge-invariant observables
As mentioned in the introduction, gauge transformations in perturbative quantum
gravity move the space-time points around. Hence, in order to make a tensor T˜α1...αkβ1...βm on
the perturbed space-time into a gauge-invariant quantity we shall evaluate it at the point
xα corresponding to holding X˜(α) fixed. This can be achieved by simply transforming
its components to the new coordinates as
T µ1...µkν1...νm (y) ≡
∂X˜µ1
∂xα1
. . .
∂X˜µk
∂xαk
∂xβ1
∂X˜ν1
. . .
∂xβm
∂X˜νm
T˜α1...αkβ1...βm
[
x(X˜)
]∣∣∣∣
X˜ fixed
, (17)
where xα(X˜) denotes the inverse of X(α)(x).
We now express the right hand side of Eq. (17) in terms of the perturbations. As an
useful example, let us consider that equation when our observable is a scalar S, which
depends on the space-time metric, its derivatives and possibly other fields in the system.
The perturbed scalar S˜ can be expanded as
S˜(x) =
∞∑
`=0
κ`S(`)(x) , (18)
§ In fact, the in-out formalism might not even exist in some space-times, see e.g. Ref. [60].
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with S(0) = S as its background value. To obtain the perturbative expansion for xα(X˜),
we need to invert the relation (9). This can be easily done up to second order in κ:
xα = X˜(α) − κX(α)(1) (x)− κ2X(α)(2) (x) + . . .
= X˜(α) − κX(α)(1) (X˜ − κX(1))− κ2X(α)(2) (X˜) + . . .
= X˜(α) − κX(α)(1) (X˜)− κ2
[
X
(α)
(2) (X˜)−X(σ)(1) (X˜)∂σX(α)(1) (X˜)
]
+ . . . .
(19)
By combining Eqs. (19) and (18), we can then express the gauge-invariant observable
corresponding to S as
S(X˜) ≡ S˜[x(X˜)]
= S(X˜) + κ
[
S(1)(X˜)−X(σ)(1) (X˜)∂σS(X˜)
]
+ κ2
[
S(2)(X˜)−X(σ)(1) (X˜)∂σS(1)(X˜) +
1
2X
(ρ)
(1) (X˜)X
(σ)
(1) (X˜)∂ρ∂σS(X˜)
+X(ρ)(1) (X˜)∂ρX
(σ)
(1) (X˜)∂σS(X˜)−X(σ)(2) (X˜)∂σS(X˜)
]
+ . . . .
(20)
At this point we must refrain from using the relation X˜(α) = X˜(α)(x) in the arguments
of the functions appearing in the expression above, as that would send us back to the
coordinate system xα. The coordinates now covering our space-time are X˜(α), and since
they are mere labels, we can denote them by xα.
Equation (17) is invariant under diffeormorphisms that preserve the background
fields by construction [42]. Nevertheless, it is not difficult to explicitly check that this
is the case for, e.g., Eq. (20). Hence, let us consider the infinitesimal diffeomorphism
xα → xα − κξα(x) from the perturbed space-time on itself. Since both S˜ and X˜(α) are
scalar fields, they transform as
δξS˜(x) = κξσ∂σS˜(x) and δξX˜(α)(x) = κξσ∂σX˜(α)(x) . (21)
Thus, we have at each order that
δξS(i)(x) = ξσ∂σS(i−1)(x) and δξX(α)(i) (x) = ξσ∂σX
(α)
(i−1)(x) , (22)
with δξS(0) = δξX(α)(0) = 0. In particular, it follows from the expansion above that
δξX
(α)
(1) (x) = ξα(x) . (23)
Then, up to second order in the perturbations, the gauge transformation of S is
δξS(X˜) = δξS(0)(X˜) + κδξS(1)(X˜) + κ2δξS(2)(X˜) + . . . , (24)
with
δξS(0)(X˜) = 0 , (25)
δξS(1)(X˜) = δξS(1)(X˜)− δξX(σ)(1) (X˜)∂σS(X˜)
= ξσ∂σS(X˜)− ξσ∂σS(X˜)
= 0
(26)
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and
δξS(2)(X˜) = δξS(2)(X˜)− δξX(σ)(1) (X˜)∂σS(1)(X˜)−X(σ)(1) (X˜)∂σδξS(1)(X˜)
+ δξX(ρ)(1) (X˜)X
(σ)
(1) (X˜)∂ρ∂σS(X˜) + δξX
(ρ)
(1) (X˜)∂ρX
(σ)
(1) (X˜)∂σS(X˜)
+X(ρ)(1) (X˜)∂ρδξX
(σ)
(1) (X˜)∂σS(X˜)− δξX(σ)(2) (X˜)∂σS(X˜)
= ξσ∂σS(1)(X˜)− ξσ∂σS(1)(X˜)−X(σ)(1) (X˜)∂σ
[
ξρ∂ρS(X˜)
]
+ ξρX(σ)(1) (X˜)∂ρ∂σS(X˜) + ξρ∂ρX
(σ)
(1) (X˜)∂σS(X˜)
+X(ρ)(1) (X˜)∂ρξσ∂σS(X˜)− ξρ∂ρX(σ)(1) (X˜)∂σS(X˜)
= 0 .
(27)
Note that X˜(α) is not changed by the action of δξ in Eq. (24), as it is fixed. In conclusion,
the fact that X˜(α) transform as scalars compensate for the gauge transformation of S˜,
making S gauge invariant.
2.3. Gauge-invariant observables in single-field inflation
We now turn to the question of constructing gauge-invariant observables suited for
inflationary cosmology. Here we shall consider single-field inflationary models, in which
a spatially flat FLRW space-time is sourced by a scalar degree of freedom φ, the inflaton.
Hence, we assume a background space-time with the metric
ds2 = gµνdxµdxν = a2(η)
(
−dη2 + dx2
)
, (28)
where η is the conformal time and a is the scale factor. We also assume that the gradient
of φ is everywhere time-like, with the derivative with respect to the conformal time as
φ′ < 0, and that the metric and the scalar field satisfy the Einstein-Klein-Gordon
equations with a scalar potential V (φ). This last assumption implies in the Friedmann
equations
κ2V (φ) = 2(n− 2)(n− 1− )H2 , (29a)
κ2(φ′)2 = 2(n− 2)H2a2 . (29b)
The Hubble parameter H and the first two slow-roll parameters  and δ are defined from
the scale factor according to‖
H ≡ a
′
a2
,  ≡ − H
′
H2a
, δ ≡ 
′
2Ha . (30)
The background scalar field equation is obtained by taking time derivative of the second
Friedmann equation, resulting in
φ′′ = (1− + δ)Haφ′ . (31)
‖ The slow-roll parameters defined in Eq. (30) are related to the widely used Hubble slow-roll
parameters H and ηH as  = H and δ = − ηH , see e.g. Ref. [61].
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This equation will be useful in what follows.
Next, we perturb the system defined above by taking
gµν → g˜µν = a2(ηµν + κhµν) and φ→ φ˜ = φ+ κφ(1) . (32)
In single-field inflationary models the system provides a natural choice for a clock,
namely the scalar field φ [7]. Thus, instead of rely on Eq. (2) to define a configuration-
dependent time coordinate in the perturbed space-time, here we define X˜(0) by inverting
the background relation φ = φ(η) and evaluating it for φ˜. That is, here we define the
following local configuration-dependent time coordinate:
X˜(0)(x) ≡ η[φ˜(x)] . (33)
The perturbative expansion of X˜(0) is easy to obtain, and up to second order in the
perturbations it reads
X
(0)
(0) (x) = η , (34a)
X
(0)
(1) (x) =
∂η
∂φ
[φ(η)]φ(1)(x) = φ
(1)(x)
φ′
, (34b)
X
(0)
(2) (x) =
1
2
∂2η
∂φ2
[φ(η)]
[
φ(1)(x)
]2
= − φ
′′
2(φ′)3
[
φ(1)(x)
]2
= −(1− + δ)Ha2(φ′)2
[
φ(1)(x)
]2
,
(34c)
where we have used Eq. (31) in the last equation. The background spatial coordinates
satisfy ∇2xi = 0, therefore from Eq. (2) we define the coordinates X˜(i) as
∇˜2X˜(i)[g˜] = 0 . (35)
At first order, we have for Eq. (35) that [44]
[
∂2 − (n− 2)(Ha)(η)∂η
]
X
(i)
(1)(x) = ∂νhiν(x)−
1
2∂
ih(x) + (n− 2)(Ha)(η)h0i(x), (36)
where ∂2 ≡ ∂α∂α and h ≡ ηµνhµν , and with the initial conditions X(i)(1)(η0,x) =
∂ηX
(i)
(1)(η0,x) = 0. Hence, the solution for this equation is
X
(i)
(1)(x) =
∫
dnx′an−2(η′)GretH (x, x′)
[
∂νh
iν(x′)− 12∂
ih(x′) + (n− 2)(Ha)(η′)h0i(x′)
]
.
(37)
In the expression above, GretH is the retarded Green’s function defined in Ref. [44] and
it satisfies [
∂2 − (n− 2)(Ha)(η)∂η
]
GretH (x, x′) =
1
an−2(η)δ
(n)(x− x′) . (38)
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At second order, Eq. (35) gives[
∂2 − (n− 2)(Ha)(η)∂η
]
X
(i)
(2)(x)
= hµν(x)∂µ∂νX(i)(1)(x) +
[
∂µh
µν(x)− 12∂
νh(x) + (n− 2)(Ha)(η)h0ν(x)
]
∂νX
(i)
(1)(x)
− hiµ(x)
[
∂νhµν(x)− 12∂µh(x)− (n− 2)(Ha)(η)h0µ(x)
]
+ (Ha)(η)h0i(x)h(x) ,
(39)
and by assuming the same initial conditions as for the first order, we obtain the solution
X
(i)
(2)(x) =
∫
dnx′an−2(η′)GretH (x, x′)
{
hµν(x′)∂µ∂νX(i)(1)(x′)
+
[
∂µh
µν(x′)− 12∂
νh(x′) + (n− 2)(Ha)(η′)h0ν(x′)
]
∂νX
(i)
(1)(x′)
− hiµ(x′)
[
∂νhµν(x′)− 12∂µh(x
′)− (n− 2)(Ha)(η′)h0µ(x′)
]
+ (Ha)(η′)h0i(x′)h(x′)
}
.
(40)
In the original proposal of Brunetti et al [42], the spatial coordinates X˜(i) were
constructed as solutions of the perturbed (covariant) Laplace equation defined on the
contour hypersurfaces of the inflaton field. An important drawback in this proposal is
the fact that the non-localities it engenders are non-causal, as the value of X˜(i) at the
point x depends on the metric and the inflation perturbations at points which are space-
like separated from x. This is amended by considering the wave equation (35), which
together with the retarded Green’s function in the perturbative approach makes X˜(i)
at the point x to depend only on perturbations at points within the past lightcone of
x [44].
Finally, we can check that the X˜(α) we have constructed in this section indeed
transform as scalars. We again consider the diffeomorphism xα → xα− κξα(x) from the
perturbed space-time on itself. This produces the following gauge transformations in
the metric and the inflaton perturbations:
δξhµν = 2∂(µξν) − 2Haηµνξ0 + κ
(
ξσ∂σhµν + 2hσ(µ∂ν)ξσ − 2Hahµνξ0
)
, (41a)
δξφ
(1) = −ξ0φ′ + κξµ∂µφ(1) . (41b)
Up to second order, the gauge transformation of X˜(0) is
δξX
(0)
(1) = ξ0 + κξµ∂µX
(0)
(1) + κ
φ′′
(φ′)2 ξ
0φ(1) , (42a)
δξX
(0)
(2) = −
(1− + δ)Ha
φ′
ξ0φ(1) +O(κ) . (42b)
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For the spatial coordinates X˜(i), we first note that
δξ
[
∂µh
µν − 12h+ (n− 2)Hah
0ν
]
= [∂2 − (n− 2)Ha∂η]ξν + (n− 2)[(Ha)′ − 2(Ha)2]η0νξ0
+ κ
[
∂ρ
(
ξµ∂µh
νρ + 2hµ(ν∂ρ)ξµ − 2Hahνρξ0
)
− 12∂
ν(ξµ∂µh+ 2hµρ∂µξρ − 2Hahξ0)
+ (n− 2)Ha
(
ξµ∂µh
ν0 + 2hµ(ν∂0)ξµ − 2Hahν0ξ0
)]
,
(43)
where we have used Eq. (41). Thence, a lengthy but otherwise straightforward
calculation gives
δξX
(i)
(1) =
∫
dnx′an−2(η′)GretH (x, x′)
[
∂2 − (n− 2)(Ha)(η′)∂η′
]
ξi(x′)
+ κ
∫
dnx′an−2(η′)GretH (x, x′)
[
∂ν
(
ξµ∂µh
iν + 2hµ(i∂ν)ξµ − 2Hahνiξ0
)
(x′)
− 12∂
i(ξµ∂µh+ 2hµν∂µξν − 2Hahξ0)(x′) (44a)
+ (n− 2)(Ha)(η′)
(
ξµ∂µh
0i + 2hµ(0∂i)ξµ − 2Hah0iξ0
)
(x′)
]
,
δξX
(i)
(2) =
∫
dnx′an−2(η′)GretH (x, x′)
[
∂2 − (n− 2)(Ha)(η′)∂η′
](
ξµ∂µX
(i)
(1)
)
(x′)
−
∫
dnx′an−2(η′)GretH (x, x′)
[
∂ν
(
ξµ∂µh
iν + 2hµ(i∂ν)ξµ − 2Hahνiξ0
)
(x′)
− 12∂
i(ξµ∂µh+ 2hµν∂µξν − 2Hahξ0)(x′) (44b)
+ (n− 2)(Ha)(η′)
(
ξµ∂µh
0i + 2hµ(0∂i)ξµ − 2Hah0iξ0
)
(x′)
]
+O(κ) .
Finally, we see from Eqs. (42) and (44) that
δξX˜
(µ) = κδξX(µ)(1) + κ2δξX
(µ)
(2) +O
(
κ3
)
= ξν∂ν
(
xµ + κX(µ)(1)
)
+O
(
κ3
)
,
(45)
showing that X˜(α) indeed transform as scalars.
3. Graviton one-loop correction to the local Hubble rate
3.1. The local Hubble rate
In this section we turn our attention to a particular observable, the local expansion rate
H, which measures the expansion of the space-time with respect to some notion of time.
As discuss in Sec. 2, in single field inflation models it is natural to employ the inflaton
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field as our clock and in that case we can give a concrete definition of H in terms of the
divergence of the vector field normal to the contour hypersurfaces of φ [7], i.e.
H ≡ ∇
µuµ
n− 1 ,
uµ ≡ ∇µφ√−∇σφ∇σφ .
(46)
In the perturbed space-time we write H˜ in terms of the full metric and full inflaton
and expand its expression up to second order in the perturbations. The result is
H˜(x) = ∇
µu˜µ
n− 1 = H(η) + κH
(1)(x) + κ2H(2)(x) +O
(
κ3
)
, (47)
where the first and second order terms are given by
H(1) = 12(n− 1)a(∂ηh
k
k − 2∂ihi0) +
H
2 h00 −
4φ(1)
(n− 1)aφ′ , (48a)
H(2) = (n− 3 + 2− 2δ)H2(n− 1)φ′2 ∂
iφ(1)∂iφ
(1) + 12(n− 1)φ′a
[
(2∂jhij + ∂ih00 − ∂ihkk)∂iφ(1)
+2hij∂i∂jφ(1) +
2
φ′
∂η
(
∂iφ(1)∂iφ
(1)
)
+ (φ
′h00 + 2∂ηφ(1))4φ(1)
φ′
]
+ H2
(3
4h
2
00 − h i0 hi0
)
− 14(n− 1)a [2hij(∂ηh
ij − 2∂ihj0) + 2hi0(∂ihkk − ∂jhij)
− h00(∂ηhkk − 2∂ihi0)] . (48b)
We note that the indices above are raised de lowered with the Minkowski metric ηµν
and that to arrive at expression for H(2) in Eq. (48) we have used Eq. (31).
We then employ the procedure described in Sec. 2 to obtain a gauge-invariant
expression for the local expansion rate in the perturbed space-time. Hence, we define
H(X˜) ≡ H˜[x(X˜)] (49)
and expand the resulting expression up to second order in the perturbations as
H = H(0) + κH(1) + κ2H(2) +O
(
κ3
)
. (50)
From Eq. (20) we have that
H(0) = H , (51a)
H(1) = H(1) +H2aX˜(0)(1) , (51b)
H(2) = H(2) − X˜(µ)(1) ∂µH(1) −
1
2H
3a2(1− 2+ 2δ)X˜(0)2(1)
−H2aX˜(µ)(1) ∂µX˜(0)(1) +H2aX˜(0)(2) . (51c)
Hence, only the expression of the X˜(0) coordinate is needed to second order in κ. We
remind the reader that from the definition of the time coordinate X˜(0) its is clear that
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H is measure with respect to a family of observers co-moving with the full inflation field
φ˜.
As already checked for a general scalar S in Sec. 2, the Hubble rate H defined
in Eq. (49) is gauge invariant and as such can be computed in any gauge we find
most convenient. An obvious choice, which greatly simplify the forthcoming one-loop
calculation, is to take X˜(µ)(1) = 0. To make the first-order perturbations of the coordinates
X˜(µ) to vanish amounts to impose the following conditions exactly on the inflaton field
and metric perturbations [44]:
φ(1) = 0 , (52a)
∂µh
µi − 12∂
ih+ (n− 2)Hahi0 = 0 . (52b)
The condition on the scalar field perturbation also implies that X˜(0)(2) = 0—see Eq. (34)—
and this gauge choice simplifies Eq. (51) to
H(0) = H , (53a)
H(1) = H(1) , (53b)
H(2) = H(2) . (53c)
3.2. Quantisation of the perturbations
We now turn to the quantisation of the perturbations in order to compute the one-loop
correction to the local expansion rate defined above.
3.2.1. The action We consider the full action
S˜ =
∫ √−g˜dnx[ 1
κ2
R˜− 12∇˜
µφ˜∇˜µφ˜− 12V (φ˜)
]
, (54)
and expand it up to third order in perturbations (or, equivalently, up to first order in
κ) over a homogeneous and isotropic background as
S˜ = S + SG + κS(1)G , (55)
where SG is the quadratic action, S(1)G is the interaction action up to the required order
and we have already used the Friedmann equations (29). Since in the gauge we work the
perturbation on the inflaton is null, the interacting action only involves the metric
perturbations. Thus, by writing the background metric as gµν = a2ηµν and metric
perturbation as g(1)µν = a2hµν in Eq. (A.12), we obtain
S
(1)
G = S
(1)
G,U + S
(1)
G,V , (56)
with
S
(1)
G,U ≡
1
8U
αβγδµνρσ
∫
dnxan−2hγδ∂αhµν∂βhρσ (57)
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and
S
(1)
G,V ≡
n− 2
4 V
αβµνρσ
∫
dnxHan−1hαβh0σ∂ρhµν , (58)
after dropping the boundary terms. In Eqs. (57) and (58) we have
Uαβγδµνρσ ≡ 2ηµρηασηνβηγδ − 4ηασηνβηγµηδρ − 4ηµρηνβηαγησδ − 4ηµρηασηγνηδβ
− 2ηµνηασηρβηγδ + 4ηασηρβηγµηδν + 4ηµνηρβηαγησδ + 4ηµνηασηγρηδβ
− ηµρηαβηνσηγδ + 2ηαβηνσηγµηδρ + 2ηµρηνσηαγηβδ + 2ηµρηαβηγνηδσ
+ ηαβηµνηγδηρσ − 2ηαβηρσηγµηδν − 2ηµνηρσηαγηβδ − 2ηαβηµνηγρηδσ
(59)
and
V αβµνρσ ≡ ηαβηµνηρσ − 2ηαµηβνηρσ − 2ηαρηµνηβσ , (60)
respectively.
The exact gauge (52) is imposed via the gauge-fixing action [44]
SGF ≡ −
∫
an−2dnx
[
aB0φ
(1) −Bi
(
∂µh
µi − 12∂
ih+ (n− 2)Hahi0
)]
, (61)
where Bµ is the Nakanish-Lautrup auxiliary field. In order to fix the gauge at the
interacting level and preserve unitarity we also need to introduce the Faddeev-Popov
ghost fields. We do so by imposing that the total action must be invariant under the
action of the BRST differential s defined as
sBµ = 0 , (62a)
sc¯µ = −1
κ
Bµ , (62b)
scµ = cσ∂σcµ , (62c)
s(κφ(1)) = −c0φ′ + κcµ∂µφ(1) , (62d)
s(κhµν) = ∂µcν + ∂νcµ − 2Haηµνc0
+ κ(cσ∂σhµν + hµσ∂νcσ + hσν∂µcσ − 2Hahµνc0) ,
(62e)
where cµ and c¯µ are the Faddeev-Popov ghost and anti-ghost vector fields, respectively.
A BRST-invariant action is then obtained by adding the ghost action
SGH ≡
∫
dnxan−2
{
aφ′c¯0c0 − c¯i[∂2 − (n− 2)Ha∂η]ci
}
+ κS(1)GH , (63)
with the interacting term
S
(1)
GH ≡
∫
dnxan−2
{
c¯0c
µ∂µφ
(1) − c¯i
[
∂µ(cσ∂σhiµ + 2hσ(i∂µ)cσ − 2Hahiµc0)− 12∂
i(cσ∂σh
+ hσλ∂σcλ − 2Hahc0) + (n− 2)Ha(cσ∂σhi0 + 2hσ(i∂0)cσ − 2Hahi0c0)
]}
.
(64)
We can use the gauge conditions (52) to simplify the ghost action (63) as they
are imposed exactly [14]. In particular, since φ(1) = 0, it follows that the interacting
Graviton backreaction on the local cosmological expansion at one-loop order 15
ghost action (64) does not involve c¯0. Furthermore, the free part of the ghost action (63)
separates the time components of the ghost and anti-ghost fields from their spatial
components. Thus, the ghost propagator time-space components are all zero. That
allows us to simply drop all the cross terms between c¯i and c0 in the ghost interacting
action (64). As a result, only the spatial components of the ghost and anti-ghost fields
contribute to the loops and we can use the following effective ghost action instead:
SGH,eff ≡
∫
dnxan−2c¯i[∂2 − (n− 2)Ha∂η]ci + κS(1)GH,eff , (65)
with
S
(1)
GH,eff ≡
∫
dnxan−2c¯i
{
(∂jhiµ + ∂µhij − ∂ihµj)∂µcj + hij[∂2 − (n− 2)Ha∂η]cj
}
. (66)
Finally, we also need to add counter-terms to the total action in order to absorb
divergences coming from the insertion of the fundamental fields, in our case the
metric perturbation hµν . These counter-terms correspond to the renormalisation of the
gravitational constant, the scalar field strength and the scalar potential. Since we are
interested in corrections at one-loop order, it is enough to consider the first-order term
of the perturbative expansion of the action (54) with the bare gravitational constant κ0.
Hence, the counter-terms action at first order in κ is
S
(1)
CT ≡ −
∫
dnxan+2hµν
(
1
κ20
Gµν − 12T
(0)
µν
)
, (67)
where Gµν is the background Einstein tensor and T (0)µν is the scalar field energy-
momentum tensor but written in terms of the bare background scalar field φ0 and
the bare scalar potential V0. The bare gravitational constant, scalar field and scalar
potential are related to the dressed ones by
κ20 = κ2(1− κδκ2) , (68a)
φ0 =
√
Zφφ , (68b)
V0 = ZV V , (68c)
respectively, with
Zφ = 1 + κδZ , (69a)
ZV = 1 + κδV . (69b)
We then use the expression for Gµν , in terms of the background metric, the expression
for T (0)µν , with the bare field and potential replaced by the dressed ones as in Eq. (68),
and the Friedmann equations (29) to obtain
S
(1)
CT = (n− 2)
∫
dnxH2an
[
(δZ − δκ2)
(
h00 +
1
2h
)
− 12(δV − δκ2)(n− 1− )h
]
. (70)
From Eq. (70) we see that the renormalisation of the gravitational constant and the
renormalisation of the field strength and scalar potential are redundant at one-loop
order. Hence, we shall take δκ2 = 0 in the calculation to follow.
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3.2.2. Free propagators The linear theory based on the gauge (52), i.e. the total action
SG +SGF, was studied in Ref. [44] and the corresponding free propagators in a spatially
homogeneous and isotropic space-time were derived. Here we quote the expressions from
that reference which are pertinent to our calculation.
We denote the graviton Wightman two-point function by
G+µνρσ(x, x′) ≡ 〈hµν(x)hρσ(x′)〉0 (71)
and write its Feynman propagator as
iGFµνρσ(x, x′) ≡ θ(η − η′)G+µνρσ(x, x′) + θ(η′ − η)G+ρσµν(x′, x) , (72)
where θ(x) denotes the Heaviside step function. The expressions for Feynman propagator
components for general  and δ are
GF0000(x, x′) =
1
(Ha)(η)(Ha)(η′)∂η∂η
′GFQ(x, x′) , (73a)
GF000k(x, x′) =
(η′)
2(Ha)(η)∂kD
F
Q(x, x′)−
1
2(Ha)(η)(Ha)(η′)∂η∂kG
F
Q(x, x′) , (73b)
GF00kl(x, x′) = −δkl
1
(Ha)(η)∂ηG
F
Q(x, x′) , (73c)
GF0i0k(x, x′) = Πik
[
DFH(x, x′) +DF2 (x, x′)
]
+ ∂i∂k4
[
n− 1
2(n− 2)D
F
H(x, x′)
+DF2 (x, x′) +
(Ha)(η)∂η + (Ha)(η′)∂η′ −4
4(Ha)(η)(Ha)(η′) G
F
Q(x, x′)
− (η)(η
′)
4 D
F
Q(x, x′)
]
,
(73d)
GF0ikl(x, x′) = −2
δi(k∂l)
4 ∂ηG
F
2 (x, x′)
− δkl ∂i4
[
1
n− 2∂ηG
F
H(x, x′)−
[
(η)
2 ∂η −
4
2(Ha)(η)
]
GFQ(x, x′)
]
,
(73e)
GFijkl(x, x′) =
(
2δi(kδl)j − 2
n− 2δijδkl
)
GFH(x, x′) + δijδklGFQ(x, x′)
− 4∂(iδj)(k∂l)4 G
F
2 (x, x′) ,
(73f)
where 4 is the familiar Laplace operator in Euclidean space,
Πij ≡ δij − ∂i∂j4 (74)
is the transverse projector and 14 denotes the Green’s function of the Laplace operator
with boundary conditions that vanish at the spatial infinity. We remind that due to
the gauge condition (52), both the propagator for the inflaton perturbations and the
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correlator between hµν and φ(1) are null. The scalar propagators appearing in the right-
hand side of Eqs. (73) are defined by
[∂2 − (n− 2)(Ha)(η)∂η]GFH(x, x′) =
1
an−2(η)δ
(n)(x− x′) , (75a)
[∂2 − (n− 2 + 2δ(η))(Ha)(η)∂η]GFQ(x, x′) =
2
(n− 2)(an−2)(η)δ
(n)(x− x′) , (75b)
[∂2 − (n− 2)(Ha)(η)∂η]GF2 (x, x′) = 4GFH(x, x′) , (75c)
4DFH(x, x′) = ∂η∂η′GFH(x, x′)−
1
an−2(η)δ
(n)(x− x′) , (75d)
4DFQ(x, x′) = ∂η∂η′GFQ(x, x′)−
2
(n− 2)(an−2)(η)δ
(n)(x− x′) , (75e)
4DF2 (x, x′) = ∂η∂η′GF2 (x, x′) . (75f)
The graviton Wightman two-point function can be obtained from Eqs. (73) and (75)
simply by removing the terms containing the δ-distribution in Eq. (75). We will also
need the spatial components of the propagator for the ghost field, which are given by
iGFij(x, x′) ≡ θ(η − η′)〈ci(x)c¯j(x′)〉0 − θ(η′ − η)〈c¯j(x′)ci(x)〉0
= iδijGFH(x, x′) .
(76)
In what follows the correlators presented in this section shall appear in equations
without the superscript ‘F’ or ‘+’ to mean that the formula is valid for both the Feynman
propagator and Wightman two-point function.
3.2.3. The expansion rate expectation value The expectation value of H will be
computed via the in-in (or closed-time path) formalism of Schwinger and Keldysh [62–
64]. The in-in formalism is causal, i.e. only vertex integrals performed within the union of
past lightcones of the external points, but to the future of the initial time η0, contribute.
That is enforced by integrating the vertices along a contour C in the complex-η plane,
with a part C1 that runs forward in (real) time from the in ital time η0 up to an arbitrary
final time ηf larger than any external point time coordinate (assumed to be on C1), and
a part C2 that runs backwards in time back to η0. The in-in formalism requires the use
of the contour-ordered propagator Gc, which is defined as
Gc(x, x′) ≡

GF(x, x′), if η, η′ ∈ C1,
G+(x, x′), if η ∈ C1 and η′ ∈ C2,
G−(x, x′), if η′ ∈ C1 and η ∈ C2,
GD(x, x′), if η, η′ ∈ C2,
(77)
where GD(x, x′) is the Dyson or anti-time-ordered propagator. Only the first two cases
above will be relevant to the calculation to come.
For finite initial time we must consider a dressed state for the interacting theory,
in principle. A natural choice for the state of the interacting field, however, is to assume
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that in the asymptotic past its fluctuations are in the free vacuum state and that
the interaction is switched on adiabatically. In the cases we will be interested in, this
choice for the initial state can be implemented just as in the Minkowski [65] or in the
de Sitter [66, 67] cases, by a time coordinate integration contour with an ever decreasing
imaginary part and then taking η0 → −∞. This is the well-known i prescription. The
expansion rate expectation value up to order κ2 then reads
〈H(x)〉 = H + iκ2
〈
H(1)(x)S(1)int
〉
0
+ iκ2
〈
H(1)(x)S(1)CT
〉
0
+ κ2
〈
H(2)(x)
〉
0
, (78)
with S(1)int ≡ S(1)GH,eff + S(1)G and the η integration contour as described above. In fact, we
shall see in the next sections that the integrals we find are already convergent without
the use of the i prescription.
3.3. One-loop correction in constant- space-times
In this section we compute the graviton one-loop correction to the local expansion rate
H in cosmological space-times with constant deceleration parameter . This case was
recently treated by Fröb in Ref. [14], by also employing the free propagators given in
Ref. [44]. Nevertheless, while working on that calculation in slow-roll space-times (the
subject of our next section and main topic of this paper) we realised there are a few
missing factors in the expressions for the Fourier amplitude of the scalar propagators in
Ref. [44]. Moreover, we also have found a mistake in the calculation of the contribution
from S(1)G,V to the graviton one-loop correction to H in Ref. [14]. For these reasons, and
for been useful to check the expressions for the slow-roll case when  is small and δ = 0,
we revisit the constant- case here. We note, however, that our corrections do not affect
the main conclusions in Refs. [14, 44].
By assuming  as a constant, we can integrate Eqs. (30) and write
H = H0a− , a = [−(1− )H0η]−
1
1− , (79)
where H0 is the background expansion rate at η0, when a(η0) = 1. Then, by combining
the expressions above we obtain
Ha = − 1(1− )η . (80)
In the constant- case, all scalar propagators can be expressed in terms of GH, DH
and their derivatives, and the following simplifications occur, see Ref. [44]:
GQ(x, x′) =
2
(n− 2)GH(x, x
′) , (81a)
DQ(x, x′) =
2
(n− 2)DH(x, x
′) (81b)
and
G2(x, x′) = −12
(
η∂η + η′∂η′ − n− 1− 1− 
)
GH(x, x′) , (82a)
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D2(x, x′) = −12
(
η∂η + η′∂η′ − n− 3 + 1− 
)
DH(x, x′) . (82b)
Moreover, GH and DH are related by
(η∂η′ + η′∂η)GH(x, x′) =
[
η∂η′ + η′∂η − 2(n− 2)1− 
]
DH(x, x′) . (83)
In terms of their Fourier transform, the scalar propagators are given by
GFH(x, x′) =
∫ dn−1p
(2pi)n−1 G˜
F
H(η, η′,p)eip·(x−x
′) , (84)
with
G˜FH(η, η′,p) = θ(η − η′)G˜+H(η, η′,p) + θ(η′ − η)G˜+H(η′, η,p) (85)
and the Wightman two-point function Fourier amplitude as
G˜+H(η, η′,p) = −i
pi
4 (1− )
n−2[H(η)H(η′)]
n−2
2 (ηη′)n−12 H(1)µ (−pη) H(2)µ (−pη′) , (86)
which corrects Eq. (84) of Ref. [44], and
DFH(x, x′) =
∫ dn−1p
(2pi)n−1 D˜
F
H(η, η′,p)eip·(x−x
′) , (87)
with
D˜FH(η, η′,p) = θ(η − η′)D˜+H(η, η′,p) + θ(η′ − η)D˜+H(η′, η,p) (88)
and
D˜+H(η, η′,p) = −
∂η∂η′
p2
G˜+H(η, η′,p)
= ipi4 (1− )
n−2[H(η)H(η′)]
n−2
2 (ηη′)n−12 H(1)µ−1(−pη) H(2)µ−1(−pη′) ,
(89)
which corrects Eq. (85) in Ref. [44]. In Eqs. (86) and (89), H(1)α (x) and H(2)α (x) are the
Hankel functions [68] of first and second kinds, respectively, and order α, p ≡ |p|, and
µ ≡ n− 1− 2(1− ) . (90)
3.3.1. The H(2) term The contribution from the term H(2)(x), which was given in
Eq. (48), only involves the coincidence limit of the graviton propagator. Hence, we
can regularise its expression first via the point-splitting method and then using the
dimensional regularisation approach. The result is
〈
H(2)(x)
〉
0
= −i lim
x′→x
{
1
4(n− 1)a(η)
[
(∂η + ∂η′)GFijij(x, x′)− 4∂iGFj0ij(x, x′)
+ 2∂iGFjj0i(x, x′)− 4∂jGFij0i(x, x′)− ∂ηGFii000(x, x′)
+2∂iGFi000(x, x′)
]
− H(η)2
[3
4G
F
0000(x, x′)−GFi0i0(x, x′)
]}
.
(91)
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We note that the symmetrised graviton two-point function could have been employed in
the expression above instead of the Feynman propagator, as the coincidence limit can
be performed from any direction via any time-like or space-like curve connecting x′ to
x. Next, we use Eqs. (81) - (83), together with the field equations (75a) and (75d), in
Eq. (73) and reduce the expression above to
〈
H(2)(x)
〉
0
= −i lim
x′→x
{
2 + (2n2 − 5n− 1)− (n− 2n− 1)2
4(n− 2)a(η)(1− ) (∂η + ∂η′)G
F
H(x, x′)
+ 1− (2n− 3)4(n− 2)(Ha2)(η)(1− )4G
F
H(x, x′)
− n− 1 + (2n
2 − 7n+ 7)− 22
4(n− 1)(n− 2)(Ha2)(η)(1− )∂η∂η′G
F
H(x, x′)
+ 14(n− 1)(n− 2)(H2a3)(η)(∂η + ∂η′)4G
F
H(x, x′)
−(n− 3 + )(n
2 − 3n+ 3− )H(η)
4(n− 2)(1− ) D
F
H(x, x′)
}
.
(92)
To compute the coincidence limit of the derivatives of the scalar propagators in the
expression above, we use their Fourier transforms given in Eqs. (84) - (89). Assuming
that limη′→η θ(η − η′) = 12 , we calculate e.g.
i lim
x′→x
(∂η + ∂η′)GFH(x, x′) =−
pi
4 [(1− )H]
n−2ηn−1
∫ dn−1p
(2pi)n−1p
[
H(1)µ−1(−pη) H(2)µ (−pη)
+ H(1)µ (−pη) H(2)µ−1(−pη)
]
.
(93)
Hence, it is convenient to define the following dimensionless integral [14]
Jk,α,β ≡ pi8
∫ dn−1q
(2pi)n−1 q
k
[
H(1)α (q) H
(2)
β (q) + H
(1)
β (q) H(2)α (q)
]
. (94)
The integral Jk,α,β is calculated and analysed in detail in Appendix B. In terms of that
integral, the coincidence limit of the derivatives of the scalar propagators appearing in
Eq. (92) read
i lim
x′→x
(∂η + ∂η′)GFH(x, x′) = −2[(1− )H]n−1aJ1,µ,µ−1 , (95a)
i lim
x′→x
4GFH(x, x′) = −[(1− )H]na2J2,µ,µ , (95b)
i lim
x′→x
∂η∂η′G
F
H(x, x′) = [(1− )H]na2J2,µ−1,µ−1 , (95c)
i lim
x′→x
(∂η + ∂η′)4GFH(x, x′) = 2[(1− )H]n+1a3J3,µ,µ−1 , (95d)
i lim
x′→x
DFH(x, x′) = −[(1− )H]n−2J0,µ−1,µ−1 . (95e)
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Thence, we obtain at the coincidence limit that
〈
H(2)(x)
〉
0
= [(1− )H]
n−1
2(n− 2)
[
2 + (2n2 − 5n− 1)− (n2 − 2n− 1)2
(1− ) J1,µ,µ−1
+ 1− (2n− 3)2 J2,µ,µ +
n− 1 + (2n2 − 7n+ 7)− 22
2(n− 1) J2,µ−1,µ−1
− (1− )
2
(n− 1)J3,µ,µ−1 −
(n− 3 + )(n2 − 3n+ 3− )
2(1− )2 J0,µ−1,µ−1
]
.
(96)
Finally, we express the expectation value of the pure second-order term as〈
H(2)(x)
〉
0
= −Hn−1C2(n, ) (97)
and use Eqs. (B.11) to cast C2 in the form
C2(n, ) =
A(n)µ
16(n− 2)
(1− )n−2

[
4n(n2 + n− 6) + 2(8 + 28n− 9n2 − 7n3 + 2n4)
+8(2n2 − 4n− 1)2 − n(n2 − 4)3
]
,
(98)
where A(n)µ is defined in Eq. (B.12).
3.3.2. The counter-terms The contribution coming from the counter-terms is given by
i
〈
H(1)(x)S(1)CT
〉
0
= i(n− 2)2
∫
dnx′(H2an)(η′)
{
δZ [2
〈
H(1)(x)h00(x′)
〉
0
+
〈
H(1)(x)h(x′)
〉
0
]
−(n− 1− )δV
〈
H(1)(x)h(x′)
〉
0
}
= i(n− 2)2
∫
dnx′(H2an)(η′)
{
[(n− 1− )δV + δZ ]
〈
H(1)(x)h00(x′)
〉
0
−[(n− 1− )δV − δZ ]
〈
H(1)(x)hkk(x′)
〉
0
}
.
(99)
We can use the form of H(1)(x) given in Eq. (48) to express the expectation values
appearing in the integrand of Eq. (99) in terms of the graviton propagator as
〈
H(1)(x)h00(x′)
〉
0
= i2(n− 1)a(η) [∂ηG
c k
k00(x, x′)−2∂kGc k000(x, x′)]+
iH(η)
2 G
c
0000(x, x′)
(100)
and〈
H(1)(x)hij(x′)
〉
0
= i2(n− 1)a(η) [∂ηG
c k
kij(x, x′)− 2∂kGc k0ij(x, x′)] +
iH(η)
2 G
c
00ij(x, x′) .
(101)
Hence, it is convenient to define [14]
Fµν(x, x′) ≡ ∂ηGc kkµν(x, x′)− 2∂kGc k0µν(x, x′) + (n− 1)(Ha)(η)Gc00µν(x, x′) , (102)
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which, with the aid of Eqs. (73) and (81), can be expressed in terms of the scalar
propagators in the constant- case as
F00(x, x′) =
2
(n− 2)
1
(Ha)(η′)4
(
1
(Ha)(η)∂η
′GcH(x, x′)− DcH(x, x′)
)
(103)
and
Fij(x, x′) = −δij 2(n− 2)
(
∂η − 4(Ha)(η)
)
GcH(x, x′) . (104)
The expectation values appearing in the integrand of Eq. (99) in terms of Fµν simply
read 〈
H(1)(x)hµν(x′)
〉
0
= i2(n− 1)a(η)Fµν(x, x
′) . (105)
The contribution from the counter-terms can then be cast as
i
〈
H(1)(x)S(1)CT
〉
0
= i(n− 2)2
∫
dnx′(H2an)(η′)
{
[(n− 1− )δV + δZ ]F00(x, x′)
−[(n− 1− )δV − δZ ]F kk(x, x′)
}
.
(106)
The Laplacian operator in the expression for F00 acts on x and, thus, can be pull out of
the integral. Moreover, the spatial homogeneity of our state and space-time background
implies that the integral on x′ must be independent from the spatial coordinates.
Therefore, the integration of F00 vanishes. The same reasoning is valid for the term
containing the Laplacian operator in the expression for Fij, and its contribution also
vanishes. In conclusion, we have reduced Eq. (106) to
i
〈
H(1)(x)S(1)CT
〉
0
= −(n− 1)δV − (δV − δZ)2a(η)
∫
dnx′(H2an)(η′)∂ηGcH(x, x′) . (107)
Finally, from Eq. (77) and the definition of the Feynman propagator we obtain
i
〈
H(1)(x)S(1)CT
〉
0
= −(n− 1)δV − (δV − δZ)2a(η) K2(η) , (108)
where we have defined the integral
Km(η) ≡
∫ η
−∞
dη′
∫
dn−1x′(Hman)(η′)∂η[G+H(x, x′)−G+H(x′, x)] (109)
and used that [G+H(x, x′)−G+H(x′, x)]|η=η′ = 0, which follows from the causality condition
for the graviton field. Note that since  is a constant, we cannot distinguish between the
renormalisation of the scalar potential and of the scalar field amplitude. Thus, we shall
choose δZ = 0 in what follows.
The integral (109), which will also be useful in other parts of this calculation, can be
performed as follows. We consider the expression of the Wightman two-point function
G+H in terms of its Fourier amplitude G˜+H and then integrate Eq. (109) over the spatial
coordinates. The result is
Km(η) =
∫ η
−∞
dη′(Hman)(η′)∂η lim
p→0[G˜
+
H(η, η′,p)− G˜+H(η′, η,p)] . (110)
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Next, we substitute Eq. (86) in the expression above. To calculate the limit, we first
notice that
H(1)α (x) = i csc(piα)[e−ipiαJα(x)− J−α(x)], and H(2)α (x) = H(1)∗α (x) , (111)
where Jα(x) denotes the Bessel function of order α. The Bessel function can be expressed
as [68]
Jα(x) =
(
x
2
)α
jα(x), with lim
x→0 jα(x) =
1
Γ(1 + α) , (112)
where Γ(x) denotes the Γ-function. Then, it is easy to show that
lim
p→0[H
(1)
µ (−pη)H(2)µ (−pη′)−H(1)µ (−pη′)H(2)µ (−pη)] =
2i
piµ
(−η)2µ − (−η′)2µ
(ηη′)µ . (113)
Back to Eq. (110), we obtain after some manipulations that
Km(η) = −(1− )
−2+(2m−n)
2(1−) H
2m−n−2
2(1−)
0 (H
n
2 a)(η)(−η)n−1+2µ2
∫ η
−∞
dη′(−η′)−n+m1− . (114)
For the values of m and n we are interested in, the integral above converges to¶
Km(η) = − 1
n− 1− (m− 1)(H
m−1a)(η) . (115)
We now return to the counter-terms contribution and use Eq. (115) with m = 2 to
finally obtain
i
〈
H(1)(x)S(1)CT
〉
0
= H2 δV . (116)
3.3.3. The ghost term We now consider the contribution coming from the ghost loop,
which is given by
i
〈
H(1)(x)S(1)GH,eff
〉
0
= − i2(n− 1)a(η)
∫
dnx′an−2(η′)∂′νF kk(x, x′) lim
y,y′→x′
∂νG
F
H(y, y′)
− i2(n− 1)a(η)
∫
dnx′an−2(η′)F kk(x, x′) lim
y,y′→x′
[∂2 − (n− 2)(Ha)(y0)∂0]GFH(y, y′) ,
(117)
where Fµν was defined in Eq. (102) and ∂′µ denotes the partial derivative operator acting
on the second argument of the propagator. The operator within the square brackets in
the second line of Eq. (117) is precisely the equation of motion for GFH and, thus, that
limit gives
lim
y,y′→x′
[∂2 − (n− 2)(Ha)(y0)∂0]GFH(y, y′) =
1
an−2(η′) limy,y′→x′ δ
(n)(y − y′) . (118)
In the dimensional regularisation prescription, however, we have that the coincidence
limit of the δ-distribution vanishes—see e.g. Ref. [69]—, and the second term in Eq. (117)
¶ Note that the integral Km converges without the use of the i prescription.
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does not contribute. Moreover, the fact that the state is homogeneous and isotropic
allows us to trade ∂′i for −∂i in the first line of Eq. (117) and then pull that operator out
of the integral. The resulting term will also vanish thanks to the the same symmetries.
Hence, Eq. (117) reduces to
i
〈
H(1)(x)S(1)GH,eff
〉
0
= i2(n− 1)a(η)
∫
dnx′an−2(η′)∂η′F kk(x, x′) lim
y,y′→x′
∂0G
F
H(y, y′) . (119)
The coincidence limit appearing in Eq. (119) was given in Eq. (95) and reads
i lim
x′→x
∂ηG
F
H(x, x′) =
i
2 limx′→x(∂η + ∂η
′)GFH(x, x′)
= −[(1− )H]n−1aJ1,µ,µ−1 .
(120)
Furthermore, from Eqs. (81) and (102) we have that
∂η′F
k
k(x, x′) = −
2(n− 1)
(n− 2)
(
∂η∂η′ − 4(Ha)(η)∂η′
)
GcH(x, x′) . (121)
The term involving the Laplacian operator vanishes when integrated and we are left
with
i
〈
H(1)(x)S(1)GH,eff
〉
0
= (1− )
n−1
(n− 2)a(η)J1,µ,µ−1
∫ 0
−∞
dη′
∫
dn−1x(Hn−1an−1)(η′)
× ∂η′{θ(η − η′)[∂ηG+H(x, x′)− ∂ηG+H(x′, x)]} .
(122)
We then integrate by parts in the time coordinate. The terms calculated at η′ = 0 and
η′ → −∞ both vanish and we obtain
i
〈
H(1)(x)S(1)GH,eff
〉
0
= −n− 12
(1− )n
a(η) J1,µ,µ−1Kn(η), (123)
where Kn is the integral defined in Eq. (109). Thus, using Eq. (115) we have that
i
〈
H(1)(x)S(1)GH,eff
〉
0
= [(1− )H]
n−1
n− 2 J1,µ,µ−1, (124)
which can also be expressed as
i
〈
H(1)(x)S(1)GH,eff
〉
0
= −Hn−1CGH(n, ), (125)
with
CGH(n, ) =
nA(n)µ
2 (1− )
n−2(2− ) , (126)
if we use Eq. (B.11).
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3.3.4. Three-graviton interaction: the V -tensor term The contribution from the three-
graviton interaction term involving the tensor V is given by
i
〈
H(1)(x)S(1)G,V
〉
0
= − i8
(n− 2)V αβµνσρ
(n− 1)a(η)
∫
dnx′(Han−1)(η′)
[
Fαβ(x, x′) lim
y,y′→x′
∂ρG
F
0σµν(y, y′)
+F0σ(x, x′) lim
y,y′→x′
∂ρG
F
µναβ(y, y′) + ∂′ρFµν(x, x′) lim
y,y′→x′
GFαβ0σ(y, y′)
]
,
(127)
and we remind that Fµν was defined in Eq. (102). Besides the components of Fµν already
given in Eqs. (103) and (104), here we also need
F0i(x, x′) = ∂i
{[
−2(n− 2)− 
n− 2 +
1− 
n− 2(η∂η + η
′∂η′)
]
DcH(x, x′)
+ (1− )
2
(n− 2)ηη
′4GcH(x, x′)
}
.
(128)
The components F0i are a total spatial derivative and due to the homogeneity and
isotropy of our state it vanishes when integrated. By the same token, the integral of the
terms involving the spatial derivative coming from ∂′ρFµν and F00 also vanish. Thence,
Eq. (127) reduces to
i
〈
H(1)(x)S(1)G,V
〉
0
= − i8
n− 2
(n− 1)a(η)
∫
dnx′(Han−1)(η′)
[
V ijµνσρFij(x, x′) lim
y,y′→x′
∂ρG
F
0σµν(y, y′)
V αβijσρ∂η′Fij(x, x′) lim
y,y′→x′
GFαβ0σ(y, y′)
]
.
(129)
We integrate by parts the term in the expression above involving the derivative with
respect to η′ and use Eq. (104) to obtain
i
〈
H(1)(x)S(1)G,V
〉
0
= i4(n− 1)a(η)
∫ η
−∞
dη′
∫
dn−1x′[∂ηG+H(x, x′)− ∂ηG+H(x′, x)]
×
{
(Han−1)(η′)δijV ijµνρσ lim
y,y′→x′
∂ρG
F
0σµν(y, y′)
−δijV αβij0σ∂η′
[
(Han−1)(η′) lim
y,y′→x′
GFαβ0σ(y, y′)
]}
.
(130)
We now turn to the computation of the coincidence limits appearing in Eq. (130).
From the definition of the tensor V , Eq. (60), we have
δijV
ijµνρσ lim
x′→x
∂ρG
F
0σµν(x, x′) = lim
x′→x
[
(n− 1)∂ηGF0000(x, x′)− (n− 3)∂iGF0i00(x, x′)
−(n− 3)∂ηGF k00 k(x, x′) + (n− 5)∂iGF k0i k(x, x′)
]
.
(131)
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We then use the form of graviton propagator (73) and, with the aid of Eqs. (81) - (83),
obtain
δijV
ijµνρσ lim
x′→x
∂ρG
F
0σµν(x, x′)
= lim
x′→x
{
−(n− 3)(n− 1)(n− 1− )(n− 2) (∂η + ∂η′)G
F
H(x, x′)
+ (n− 1)
2 − (2n2 − 9n+ 11)
(n− 2)(1− )Ha 4G
F
H(x, x′)
− 2(n− 1)
2 − (n3 + 6n− 13)+ (3n− 5)2
(n− 2)(1− )Ha ∂η∂η′G
F
H(x, x′)
+ n− 12(n− 2)(Ha)2 (∂η + ∂η′)4G
F
H(x, x′)
}
= i[(1− )H]
n−1a
(n− 2)
{
−2(n− 1)(n− 3)(n− 1− )J1,µ,µ−1
+ [(n− 1)2 − (2n2 − 9n+ 11)]J2,µ,µ
+ [2(n− 1)2 − (n2 + 6n− 13)+ (3n− 5)2]J2,µ−1,µ−1
−(n− 1)(1− )2J3,µ,µ−1
}
.
(132)
The other coincidence limit is
δijV
αβij0σ lim
x′→x
GFαβ0σ(x, x′) = lim
x′→x
[
2(n− 1)GFk0k0(x, x′)− (n− 3)GFkk00(x, x′)
−(n− 1)GF000(x, x′)
]
,
(133)
which then gives
δijV
αβij0σ lim
x′→x
GFαβ0σ(x, x′)
= lim
x′→x
{
(n− 1)(n− 3 + )(1− ) + (n− 1)2(n− 2)
(n− 2)(1− )Ha (∂η + ∂η′)G
F
H(x, x′)
− 2(n− 1)(n− 2)(Ha)2∂η∂η′G
F
H(x, x′)−
n− 1
(n− 2)(Ha)2 4G
F
H(x, x′)
−(n− 1)[(n− 3)(n
2 − 3n+ 3) + (n2 − 4n+ 6)− 2]
(n− 2)(1− ) D
F
H(x, x′)
}
= i n− 1(n− 2)
[(1− )H]n−2
1− 
{
2[(n− 3) + (n2 − 4n+ 6)− 2](1− )J1,µ,µ−1
+ 2(1− )3J2,µ−1,µ−1 − (1− )3J2,µ,µ − [(n− 3)(n2 − 3n+ 3)
+(n2 − 4n+ 6)− 2]J0,µ−1,µ−1
}
.
(134)
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Back to Eq. (130), the calculation above results in
i
〈
H(1)(x)S(1)G,V
〉
0
= (1− )
n−1Kn(η)
4(n− 1)(n− 2)a(η)
{
2(n− 1)[(n2 − 4n+ 3) + (n− 1)(n2 − 4n+ 6)
− (n− 1)2 + (n− 3)(n− 1− )]J1,µ,µ−1 − [2(n− 1)− (n2 + 6n− 13)
+ (3n− 5)2 − 2(n− 1)2(1− )2]J2,µ−1,µ−1 − [(n− 1)2
− (2n2 − 9n+ 11)+ (n− 1)2(1− )2]J2,µ,µ + (n− 1)(1− )2J3,µ,µ−1
−(n− 1)
2(n− 3 + )(n2 − 3n+ 3− )
1−  J0,µ−1,µ−1
}
,
(135)
where Kn(η) is the integral defined in Eq. (109). We then we use Eqs. (115) and (B.11)
to cast it in the form
i
〈
H(1)(x)S(1)G,V
〉
0
= −Hn−1CG,V (n, ), (136)
with
CG,V (n, ) =
(1− )n−3A(n)µ
32(n− 1)2(n− 2)
[
8(2 + 15n− 30n2 + 15n3 − 2n4) + 4(22− 5n
+ 16n2 − 20n3 + 9n4 − 2n5)− 4(12 + 16n− 21n2 + 2n3 + 5n4 − 2n5)2
+n(24− 38n+ 25n2 − 7n3)3
]
.
(137)
3.3.5. Three-graviton interaction: the U-tensor term The interacting action in Eq. (57)
contributes with the term
i
〈
H(1)(x)S(1)G,U
〉
0
= − i16
Uαβγδµνρσ
(n− 1)a(η)
∫
dnx′an−2(η′)
[
Fγδ(x, x′) lim
y,y′→x′
∂α∂
′
βG
F
µνρσ(y, y′)
+∂′αFµν(x, x′) lim
y,y′→x′
∂βG
F
ρσγδ(y, y′) + ∂′βFρσ(x, x′) lim
y,y′→x′
∂αG
F
µνγδ(y, y′)
]
,
(138)
with Fµν given by Eq. (102). The components of Fµν in the constant- case were given
in Eqs. (103), (104) and (128). After discarding the terms in those expressions involving
total spatial derivatives, we are left with
i
〈
H(1)(x)S(1)G,U
〉
0
= i8
δij
(n− 2)(n− 1)a(η)
∫ η
−∞
dη′
∫
dn−1x′an−2(η′)
×
[
∂ηG
+
H(x, x′)− ∂ηG+H(x′, x)
]{
Uαβijµνρσ lim
y,y′→x′
∂α∂
′
βG
F
µνρσ(y, y′)
− 1
an−2(η′)
d
dη′
[
an−2(η′)(U0βρσijµν + Uβ0ρσµνij) lim
y,y′→x′
∂βG
F
µνρσ(y, y′)
]}
.
(139)
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We now compute the coincidence limits within the curly brackets in Eq. (139). Let
us start by calculating
δijU
αβijµνρσ lim
x′→x
∂α∂
′
βG
F
µνρσ(x, x′)
= lim
x′→x
{
(n− 5)∂η∂η′ [GFijij(x, x′)−GFi ji j(x, x′)] + 2(n− 3)∂η∂i[GF000i(x, x′)
−GF0i00(x, x′)] + 2(n− 5)∂η∂i[2GFjij0(x, x′)−GFjji0(x, x′)−GF j0i j(x, x′)]
+ 2(n− 5)∂i∂j[GF0i0j(x, x′)−GF00ij(x, x′)] + 2(n− 7)∂i∂j[GFkkij(x, x′)−GFkikj(x, x′)]
+2(n− 5)4[GF i00 i(x, x′)−GFi0i0(x, x′)] + (n− 7)4[GFijij(x, x′)−GFi ji j(x, x′)]
}
(140)
By using the form of the graviton propagator (73) and the simplifications (81) - (83) we
can cast the expression above as
δijU
αβijµνρσ lim
x′→x
∂α∂
′
βG
F
µνρσ(x, x′)
= lim
x′→x
{
1
(n− 2)(n− 1) [−2(n− 5)(n− 2)(n− 1) + (62− 88n+ 49n
2 − 12n3 + n4)
− (n− 1)(−8 + 20n− 9n2 + n3)2 − 2(n− 3)3]∂η∂η′GFH(x, x′)
+ 1(n− 2) [74− 70n+ 22n
2 − 2n3 + (−10− 40n+ 41n2 − 12n3 + n4)]4GFH(x, x′)
+ 1(n− 2)(1− )Ha [−30 + 13n− n
2 + (70− 41n+ 5n2)](∂η + ∂η′)4GFH(x, x′)
− 2(n− 3)(n− 2)(Ha)2 (∂η∂η′ +4)4G
F
H(x, x′)
}
= i[(1− )H]
na2
(n− 2)
{ 1
1−  [2(n− 5)(n− 2)(n− 1)− (62− 8n+ 49n
2 − 12n3 + n4)
+ (n− 1)(−8 + 20n− 9n2 + n3)2 + 2(n− 3)3]J2,µ−1,µ−1 + [74− 70n+ 22n2 − 2n3
+ (−10− 40n+ 41n2 − 12n3 + n4)]J2,µ,µ + 2[30− 13n+ n2 − (70− 41n+ 5n2)]
× J3,µ,µ−1 + 2(n− 3)(1− )2(J4,µ,µ − J4,µ−1,µ−1)
}
,
(141)
where we have also used Eq. (95) and
i lim
x′→x
∂η∂η′4GFH(x, x′) = −[(1− )H]n+2a4J4,µ−1,µ−1 , (142a)
i lim
x′→x
42GFH(x, x′) = [(1− )H]n+2a4J4,µ,µ . (142b)
Next, we calculate
δij(U0βρσijµν + Uβ0ρσµνij) lim
x′→x
∂βG
F
µνρσ(x, x′)
= lim
x′→x
{
∂η[4(n− 3)GFijij(x, x′)− 2(n− 4)GFi ji j(x, x′)− 2(n− 2)GFii00(x, x′)]
+∂i[2(n− 1)GF0i00(x, x′)− 2(n− 1)GF j0i j(x, x′)− 8GFjij0(x, x′)]
}
.
(143)
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Again, we can express the coincidence limit in terms of the scalar propagators as
δij(U0βρσijµν + Uβ0ρσµνij) lim
x′→x
∂βG
F
µνρσ(x, x′)
= − 2(n− 2) limx′→x
{
(n− 2)(n− 1)[n− 5 + (1 + 3n− n2)](∂η + ∂η′)GFH(x, x′)
− 2(n− 2)(n− 1)− (−15 + 18n− 9n
2 + 2n3)+ (n− 1)2
(1− )Ha ∂η∂η′G
F
H(x, x′)
− (n− 3)(n+ 1)− (−21 + 21n− 10n
2 + 2n3)
(1− )Ha 4G
F
H(x, x′)
− n− 12(Ha)2 (∂η + ∂η′)4G
F
H(x, x′)
}
= −2i[(1− )H]
n−1a
(n− 2)
{
2(n− 2)(n− 1)[n− 5 + (1 + 3n− n2)]J1,µ,µ−1
+ [2(n− 2)(n− 1)− (−15 + 18n− 9n2 + 2n3)+ (n− 1)2]J2,µ−1,µ−1
−[(n− 3)(n+ 1)− (−21 + 21n− 10n2 + 2n3)]J2,µ,µ + (n− 1)(1− )2J3,µ,µ−1
}
.
(144)
We now substitute the results of the previous paragraph into Eq. (139) to obtain
i
〈
H(1)(x)S(1)G,U
〉
0
= − (1− )
n−1Kn(η)
8(n− 2)2(n− 1)a(η)
{
4(n− 2)(n− 1)2
[
n− 5 + (6 + 2n− n2)− (1 + 3n
−n2)2
]
J1,µ,µ−1 + [2(n− 2)(n− 1)(3n− 7) + (−48 + 62n− 51n2 + 30n3 − 5n4)
+ (n− 1)(−4 + 22n− 27n2 + 5n3)2 − 2(4− 3n+ n2)3]J2,µ−1,µ−1
− [4(−17 + 17n− 7n2 + n3) + (36 + 56n− 75n2 + 32n3 − 5n4)+ (32− 124n
+ 103n3 − 36n3 + 5n4)2]J2,µ,µ − 2
[
−31 + 15n− 2n2 + (103− 60n+ 9n2)
+(−73 + 47n− 8n2)2 + (n− 1)3
]
J3,µ,µ−1 + 2(n− 3)(1− )3(J4,µ,µ − J4,µ−1,µ−1)
}
,
(145)
and we remind that Kn(η) was defined in Eq. (109). Finally, we write the expression
above in the form
i
〈
H(1)(x)S(1)G,U
〉
0
= −Hn−1CG,U(n, ) , (146)
with
CG,U(n, ) = −
(1− )n−4(2− )A(n)µ
128(n− 2)(n− 1)(n+ 2)
[
32(n− 1)(11− 13n− 5n2 + 4n3)
− 8(−30 + 311n− 222n2 − 65n3 + 50n4 − 3n5 + n6)+ 4(48 + 598n
+ 555n2 − 94n3 + 105n4 − 13n5 + 5n6)2 − 2(64 + 336n− 370n2 − 71n3
+56n4 − 5n5 + 6n6)3 + n(n+ 2)(32− 32n− 11n2 + 6n3 + n4)4
]
.
(147)
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3.4. One-loop correction in slow-roll inflation
In the slow-roll approximation, we assume that  1 and |δ|  1, and only keep terms
linear in the small parameters  and δ—see, e.g., Refs. [61, 70, 71]. The definition of the
first slow-roll parameter, Eqs. (30), implies that ′ = O(δ). Hence, we can neglect ′,
unless it appears multiplied by an inverse power of a small parameter. We assume that
the same is true for δ′. Within this approximation, the integration of Eqs. (30) gives
 = 0a2δ , H = H0a− , a = [−(1− )H0η]−
1
1− , (148)
where 0 and H0 are constant, and in particular we have
Ha = − 1(1− )η (149)
as in the constant  case.
We note that the slow-roll approximation is only valid for some limited range of
conformal times η. Indeed, by expanding Eq. (148) for  in powers of δ, we obtain
 = 0
[
1 + 2δ ln a+ 2δ2 ln2 a+O
(
δ3
)]
. (150)
Clearly we must have |δ ln a|  1 in order to neglect the third and all higher-order terms.
A similar expansion of the expression for H leads to the condition | ln a|  1. That is,
the approximation is valid for as long as the logarithm of the scale factor changes much
less than N = 1/max(|δ|, ). As a consequence, the observation time η and the initial
time η0 must not be more than N e-foldings apart for a given expression to be valid.+
We shall return to this point below when employing the in-in formalism.
Some simplifications found for the scalar propagators in the constant- case are
still valid up to first order in the slow-roll parameter , see Ref. [44]. This is the case of
Eqs. (82) and (83), which here read
G2(x, x′) = −12[η∂η + η
′∂η′ − (n− 1)− (n− 2)(η)]GH(x, x′) , (151a)
D2(x, x′) = −12[η∂η + η
′∂η′ − (n− 3)− (n− 2)(η)]DH(x, x′) (151b)
and
(η∂η′ + η′∂η)GH(x, x′) = {η∂η + η′∂η′ − 2(n− 2)[1 + (η)]}DH(x, x′) (152)
We again express the scalar propagators in terms of their Fourier transform. The Fourier
transform ofGFH was defined in Eqs.(84) and (85), with the Wightman two-point function
in Fourier space as
G˜+H(η, η′,p) = −i
pi
4 {[(1− )H](η)[(1− )H](η
′)}n−22 (ηη′)n−12 H(1)µ (−pη) H(2)µ (−pη′)
(153)
+ If one is not interested in the coordinate-space expressions, but only in the results in Fourier space,
the approximation can be improved by taking  and δ constant but different for each mode, namely at
horizon crossing where Ha = |p|; see, e.g., Ref. [70]. The condition |{δ, } ln a|  1 is then unnecessary.
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in the slow-roll approximation, which corrects Eq. (102) of Ref. [44], while the Fourier
transform of DFH is given by Eqs. (87) and (88), with
D˜+H(η, η′,p) = i
pi
4 {[(1− )H](η)[(1− )H](η
′)}n−22 (ηη′)n−12 H(1)µ−1(−pη) H(2)µ−1(−pη′) ,
(154)
which corrects Eq. (104) of Ref. [44]. The parameter µ in Eqs. (153) and (154) is given
by the expansion of Eq. (90) up to first order in , i.e.
µ = n− 12 +
n− 2
2  (155)
in the slow-roll approximation. For the propagators GFQ andDFQ, their Fourier transforms
are
GFQ(x, x′) =
∫ dn−1p
(2pi)n−1 G˜
F
Q(η, η′,p)eip·(x−x
′) , (156)
with
G˜FQ(η, η′,p) = θ(η − η′)G˜+Q(η, η′,p) + θ(η′ − η)G˜+Q(η′, η,p) (157)
and the Wightman two-point function Fourier amplitude as
G˜+Q(η, η′,p) = −i
pi
2(n− 2)
{[(1− )H](η)[(1− )H](η′)}n−22√
(η)(η′)
× (ηη′)n−12 H(1)ν (−pη) H(2)ν (−pη′) ,
(158)
which corrects Eq. (108) of Ref. [44], and
DFH(x, x′) =
∫ dn−1p
(2pi)n−1 D˜
F
H(η, η′,p)eip·(x−x
′) , (159)
with
D˜FH(η, η′,p) = θ(η − η′)D˜+H(η, η′,p) + θ(η′ − η)D˜+H(η′, η,p) (160)
and
D˜+Q(η, η′,p) = i
pi
2(n− 2)
{[(1− )H](η)[(1− )H](η′)}n−22√
(η)(η′)
× (ηη′)n−12 H(1)ν−1(−pη) H(2)ν−1(−pη′) ,
(161)
which corrects Eq. (110) of Ref. [44]. The parameter ν appearing above is given by
ν ≡ n− 12 +
n− 2
2 + δ . (162)
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3.4.1. The H(2) term We again regularise the pure second-order term via the point-
split method. Then, from Eqs. (73) and (91), with the help of Eqs. (82) and (83), we
obtain〈
H(2)(x)
〉
0
= −i lim
x′→x
{
(2n− 1)(n− 2)− 1 + (n− 1)(n− 2)
4(n− 2)a(η) (∂η + ∂η′)G
F
H(x, x′)
− 1 + 2(Ha2)(η)(4+ ∂η∂η′)G
F
H(x, x′)
− H(η)4
(n− 3)(n2 − 3n+ 3)− (n− 1)(n− 2)2
n− 2 D
F
H(x, x′)
+ 18(n− 1)(H2a3)(η)
[
2(n− 1)(H2a2)(η)(∂η + ∂η′)GFQ(x, x′)
+ (n− 1)(Ha)(η)4GFQ(x, x′)− (n− 1 + 2)(Ha)(η)∂η∂η′GFQ(x, x′)
+(∂η + ∂η′)4GFQ(x, x′)
]
− 
2H(η)
8 D
F
Q(x, x′)
}
.
(163)
To compute the coincidence limits of the derivatives of the scalar propagators above,
we again rely on their Fourier transforms. Within the slow-roll approximation, the
coincidence limit of the derivatives of the scalar propagators GFH and DFH are given
by the same expressions as in the constant- case, see Eqs. (95). As for the coincidence
limits involving the scalar propagators GFH and DFH, we find∗
i lim
x′→x
(∂η + ∂η′)GFQ(x, x′) = −
4
n− 2
[(1− )H]n−1

aJ1,ν,ν−1 , (164a)
i lim
x′→x
4GFQ(x, x′) = −
2
n− 2
[(1− )H]n

a2J2,ν,ν , (164b)
i lim
x′→x
∂η∂η′G
F
Q(x, x′) =
2
n− 2
[(1− )H]n

a2J2,ν−1,ν−1 , (164c)
i lim
x′→x
(∂η + ∂η′)4GFQ(x, x′) =
4
n− 2
[(1− )H]n+1

a3J3,µ,µ−1 , (164d)
i lim
x′→x
DFQ(x, x′) = −
2
n− 2
[(1− )H]n−2

J0,ν−1,ν−1 . (164e)
We then use Eqs. (95) and (164) in Eq. (163) to obtain〈
H(2)(x)
〉
0
= [(1− )H]n−1
[
(2n− 1)(n− 2)− 1 + (n− 1)(n− 2)
2(n− 2) J1,µ,µ−1 +
1
2(J2,µ−1,µ−1 − J2,µ,µ)
− (n− 3)(n
2 − 3n+ 3) + (n− 1)(n− 2)2
4(n− 2)(1− ) J0,µ−1,µ−1 +
4J1,ν,ν−1 + (1− )J2,ν,ν
4(n− 2)
+n− 1− (n− 3)4(n− 1)(n− 2)J2,ν−1,ν−1 −
1− 2
2(n− 1)(n− 2)J3,ν,ν−1 −

4(n− 2)J+,ν−1,ν−1
]
.
(165)
∗ The terms involving the slow-roll parameter δ expected to arise from the time derivative of the 1√

-
factors cancel out with terms coming from the derivative of the Hankel functions. That is the reason
why the factors multiplying Jk,α,β are identical to the constant- case.
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Next, we write the expectation value above in the form〈
H(2)(x)
〉
0
= −Hn−1D2(n, , δ) (166)
and use Eqs. (B.11) to obtain
D2(n, , δ) =
A(n)µ
4(n− 2)
(1− )n−2

[
n(13− 6n− 2n2 + n3)+O
(
2
)]
+ A
(n)
ν
16(n− 2)
(1− )n−2

[
4n(n2 + n− 6) + 2(8 + 2n+ 3n2 − 3n3)
−4(4− 5n− n2)δ +O(δ)
]
.
(167)
For δ = 0, Eq. (167) matches Eq. (98) for small 
3.4.2. The counter-terms The contribution coming from the counter-terms in the slow-
roll case is also given by Eq. (99). We then again define Fµν as in Eq. (102), although
here it is expressed in terms of the scalar propagators as
F00(x, x′) =
1
(Ha)(η′)4
(
1
(Ha)(η)∂η
′GcQ(x, x′)− (η)DcQ(x, x′)
)
(168)
and
Fij(x, x′) = −δij
(
(η)∂η − 4(Ha)(η)
)
GcQ(x, x′) . (169)
As in the constant- case, the terms in Eqs. (168) and (169) that involve the
Laplace operator vanish when integrated—see discussion below Eq. (106). Hence, the
contribution coming from the counter-terms reduces to
i
〈
H(1)(x)S(1)CT
〉
0
= −(n− 2)4a(η)
∫
dnx(H2an)(η′)[(n− 1)δV − (η′)(δV − δZ)]∂ηGcQ(x, x′)
= −(n− 2)4a(η) [(n− 1)δV I2,0(η)− (δV − δZ)I2,1(η)] ,
(170)
where we have defined
Im,α(η) ≡ lim
η0→−∞
Im,α(η, η0) , (171)
with the integral
Im,α(η, η0) ≡
∫ η
η0
dη′
∫
dn−1x(αHman)(η′)∂η[G+Q(x, x′)−G+Q(x′, x)] , (172)
where η0 is the initial time. Although we are employing the in-in formalism, where
we take η0 → −∞ so the interaction is switched on adiabatically, the slow-roll
approximation is only valid for a finite number of e-foldings. We will discuss this conflict
after performing the integral (176).
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The integral Im,α can be computed by following the same steps as in the constant-
 case. Hence, we express the Wightman two-point function in terms of its Fourier
transform, perform the integration over the spatial coordinates and then use the p→ 0
limit of the Hankel functions—see Eqs. (111) - (113)—to obtain
Im(η, η0) = − 2(n− 2)
(1− )√

(−η)n−12 +ν(H n2 a)(η)
×
∫ η
η0
dη′[1− (η′)]n−22 (α− 12Hm+n−22 an)(η′)(−η′)n−12 −ν .
(173)
In the slow-roll approximation, however, quantities varying at orders higher than first
in the slow-roll parameters are assumed to be constants. Thus, we can pull the (1− )
factor out of the integral, but e.g. must keep the negative powers of  inside as they can
vary up to first order. Then, by using the expressions for a, H and  in terms of the
conformal time given in Eqs. (148), the integral Im,α results in
Im,α(η, η0) = − 2(n− 2)1−α
(Hm−1a)(η)
n− 1− (m− 1)+ 2αδ
1− ( η
η0
)n−1−(m−n)+2αδ . (174)
The term in Eq. (174) involving the initial time can be easily expressed in terms of
the scale factor a. Using Eq. (148), it can be written as
(
η
η0
)n−1−(m−n)+2αδ
=
[
a(η)
a(η0)
]−[n−1−(m−1)+2αδ]
. (175)
Although the term above is appreciable at early times, it clearly decreases exponentially
during inflation. Considering that the inflationary phase of the early universe lasts for
approximately 60 e-foldings [72], that term becomes negligible at intermediate and late
times and can be dropped, which is equivalent to take the limit η0 → −∞. Hence, our
calculation of the quantum corrections to the expansion rate in slow-roll inflation is
accurate only after a large enough number of e-foldings has elapsed. In that regime the
limit (171) is a good approximation and we are allowed to use
Im,α(η) = − 2(n− 2)1−α
(Hm−1a)(η)
n− 1− (m− 1)+ 2αδ . (176)
Finally, we return to the expression for the contribution from the counter-terms.
We substitute Eq. (176) in Eq. (170), which results in
i
〈
H(1)(x)S(1)CT
〉
0
= H2
[
(n− 1)δV
n− 1−  −
(δV − δZ)
n− 1− + 2δ
]
. (177)
It is easy to check that Eq. (177) matches Eq. (116) at first order in the slow-roll
parameters.
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3.4.3. The ghost term The computation of the ghost loop contribution is very similar
to the constant- case, so we just highlight the main differences. We can start here
straight from Eq. (119). The coincidence limit of the ghost propagator is again given by
Eq. (120), but the term involving Fµν now reads
∂η′F
k
k(x, x′) = −(n− 1)
(
(η)∂η∂η′ − 4(Ha)(η)∂η′
)
GcQ(x, x′) . (178)
The ghost term contribution then is
i
〈
H(1)(x)S(1)GH,eff
〉
0
= −n− 12
(1− )n
a(η) J1,µ,µ−1In,0(η) , (179)
with the integral In,0(η) as defined in Eqs. (171) and (172). Note that again some of the
factors involving  varying at order higher than one in the slow-roll approximation have
been already pull out of the integral. Finally, by using Eqs. (176) and (B.11), we obtain
i
〈
H(1)(x)S(1)GH,eff
〉
0
= −Hn−1DGH(n, , δ) , (180)
with
DGH(n, , δ) =
nA(n)µ
2 (1− )
n−1(2 + ) , (181)
which corresponds to Eq. (126) for small .
3.4.4. Three-graviton interaction: the V -tensor term The three-graviton interaction
contribution involving the tensor V in the slow-roll case is also given by Eq. (127). Again
we need the components of Fµν in slow-roll inflation, which are given by Eq. (168), (169)
and, from the definition (102),
F0i(x, x′) = ∂i
[
(η)(η′)
2 D
c
Q(x, x′)−
(Ha)(η)∂η + (Ha)(η′)∂η′ −4
2(Ha)(η)(Ha)(η′) G
c
Q(x, x′)
]
. (182)
The terms in Eq. (127) involving total spatial derivatives at the observation point x
vanish when integrated and we are once more left with Eq. (129). We then substitute
Eq. (169) in that equation and integrate by parts to obtain
i
〈
H(1)(x)S(1)G,V
〉
0
= i(n− 2)(η)8(n− 1)a(η)
∫ η
−∞
dη′
∫
dn−1x′[∂ηG+Q(x, x′)− ∂ηG+Q(x′, x)]
×
{
(Han−1)(η′)δijV ijµνρσ lim
y,y′→x′
∂ρG
F
0σµν(y, y′)
−δijV αβij0σ∂η′
[
(Han−1)(η′) lim
y,y′→x′
GFαβ0σ(y, y′)
]}
.
(183)
Next, we compute the coincidence limits appearing in the expression above. They
are written in terms of the components of the Feynman graviton propagator just as in
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Eqs. (131) and (133). In the slow-roll approximation, Eq. (131) gives
δijV
ijµνρσ lim
x′→x
∂ρG
F
0σµν(x, x′)
= lim
x′→x
{
−(n− 1)(n− 5)2(n− 2) (∂η + ∂η′)G
F
H(x, x′)−
n− 5
(1− )Ha(∂η∂η′ +4)G
F
H(x, x′)
− n− 14 [2(n− 1)(n− 3)− (3n− 11)+ 4(n− 3)δ](∂η + ∂η′)G
F
Q(x, x′)
− 12Ha [2(n− 1)
2 − (3n− 5)+ 4(n− 1)δ]∂η∂η′GFQ(x, x′) +
(n− 1)2
2Ha 4G
F
Q(x, x′)
+ n− 14(Ha)2 (∂η + ∂η′)4G
F
Q(x, x′)
}
= i[(1− )H]
n−1a
(n− 2)
{
−(n− 5)(n− 1)J1,µ,µ−1 + (n− 5)(n− 2)(J2,µ−1,µ−1 − J2,µ,µ)
− (n− 1)[2(n− 1)(n− 3)− (3n− 11)+ 4(n− 3)δ]J1,ν,ν−1
+ [2(n− 1)2 − (3n− 5)+ 4(n− 1)δ](1− )J2,ν−1,ν−1 + (n− 1)2(1− )J2,ν,ν
−(n− 1)(1− )2J3,ν,ν−1
}
,
(184)
while Eq.(133) results in
δijV
αβij0σ lim
x′→x
GFαβ0σ(x, x′)
= lim
x′→x
{
(n− 1)2
(1− )Ha(∂η + ∂η′)G
F
H(x, x′)−
(n− 1)[(n− 3)(n2 − 3n+ 3) + (n− 2)2]
n− 2
×DFH(x, x′) +
n− 1
2Ha (n− 3 + )(∂η + ∂η′)G
F
Q(x, x′)−
n− 1
2(Ha)2 (2∂η∂η
′ +4)GFQ(x, x′)
−(n− 1)
2
2 D
F
Q(x, x′)
}
= i(n− 1)[(1− )H]
n−2
(n− 2)
{
2(n− 2)(n− 1)J1,µ,µ−1 − [(n− 3)(n2 − 3n+ 3)
+ (n− 2)2]J0,µ−1,µ−1 + 2(n− 3 + )(1− )J1,ν,ν−1 + (1− )2(2J2,ν−1,ν−1 − J2,ν,ν)
−2J0,ν−1,ν−1
}
.
(185)
We return to Eq. (183), substitute the coincidence limits above and then pull the
terms that vary in time to order higher than one in the slow-roll parameters out of the
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integral. The result is
i
〈
H(1)(x)S(1)G,V
〉
0
= (1− )
n
8(n− 1)a(η)
{
−[(2n2 − 7n+ 7)+ 8(n− 1)δ]J2,ν−1,ν−1
+ (n− 1)(1− )J3,ν,ν−1 − (n− 1)[(n− 1)(2− )− 2δ]J2,ν,ν
+ (n− 1)[4(n− 3)(n− 1)− (2n
2 − 7n− 3)]
1−  J1,ν,ν−1
− (n− 1)22J0,ν−1,ν−1
}
In,−1(η)
+ (1− )
n2
8(n− 1)a(η)
{
(n− 5)(n− 2)
1−  (J2,µ,µ − J2,µ−1,µ−1)
+ (n− 1)(2n
3 − 8n2 + 11n− 9)
1−  J1,µ,µ−1
−(n− 1)
2[(n− 3)(n2 − 3n+ 3) + (n− 2)2]
1−  J0,µ−1,µ−1
}
In,−1(η) ,
(186)
where the integral In,−1 was defined in Eqs. (171) and (172). We again cast the expression
above as
i
〈
H(1)(x)S(1)G,V
〉
0
= −Hn−1DG,V (n, , δ) (187)
only to obtain
DG,V (n, , δ) =
(1− )n−1A(n)µ
8(n− 2)[(n− 1)(1− )− 2δ]
[
2n(11− 14n+ 4n3 − 5n4)− n(6− 23n
+28n2 − 13n3 + 2n4)
]
+ (1− )
n−1A(n)ν
8(n− 2)[(n− 1)(1− )− 2δ]
[
2(2 + 15n− 30n2 + 15n3 − 2n4)
+(26 + 3n− 16n2 + 10n3 − 3n4)− 2(13− 8n− 8n2 + 3n3)δ
]
.
(188)
Again, for δ = 0 this expression matches its counter-part in the constant-, up to first
order in .
3.4.5. Three-graviton interaction: the U-tensor term The other three-graviton interac-
tion term reads as in Eq. (138). In the slow-roll case we use Eqs. (168), (169) and (182)
in that expression, resulting in
i
〈
H(1)(x)S(1)G,U
〉
0
= i16
(η)
(n− 1)a(η)δij
∫ η
−∞
dη′
∫
dn−1x′an−2(η′)
×
[
∂ηG
+
Q(x, x′)− ∂ηG+Q(x′, x)
]{
Uαβijµνρσ lim
y,y′→x′
∂α∂
′
βG
F
µνρσ(y, y′)
− 1
an−2(η′)
d
dη′
[
an−2(η′)(U0βρσijµν + Uβ0ρσµνij) lim
y,y′→x′
∂βG
F
ρσγδ(y, y′)
]}
.
(189)
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Next, we turn to the computation of the coincidence limits of the Feynman graviton
propagator. After performing the contractions with the U -tensor, we again obtain
Eqs. (140) and (143). In the slow-roll case, Eq. (140) implies that
δijU
αβijµνρσ lim
x′→x
∂α∂
′
βG
F
µνρσ(x, x′)
= lim
x′→x
{
−(n− 5)(n− 1)Ha(∂η + ∂η′)GFH(x, x′) +
n− 5
(n− 2)(1− ) [(n− 1)(14− 8n+ n
2)
− (2 + 6n− 5n2 + n3)+ 2(n− 2)22]∂η∂η′GFH(x, x′)−
1
n− 2(10 + 40n− 41n
2
+ 12n3 − n4)4GFH(x, x′) +
4(n− 5)
(1− )Ha(∂η + ∂η′)4G
F
H(x, x′)
+ (n− 5)(n− 2)(n− 1)Ha2 (∂η + ∂η′)G
F
Q(x, x′)− [(n− 5)(n− 2)(n− 1)
− (6 + n− n2)+ 2(n− 3)δ − (n− 3)2]∂η∂η′GFQ(x, x′) + (37− 35n+ 11n2
− n3)4GFQ(x, x′)−
(n− 3)(n− 10)− 2(n− 3)δ
2Ha (∂η + ∂η
′)4GFQ(x, x′)
− n− 3(Ha)2 (∂η∂η′ +4)4G
F
Q(x, x′)
}
= i[(1− )H]
na2
(n− 2)
{
−2(n− 5)(n− 1)1−  J1,µ,µ−1 −
(n− 5)(n− 1)(14− 8n+ n2)
1− 
× J2,µ−1,µ−1 − (10 + 40n− 41n2 + 12n3 − n4)J2,µ,µ − 8(n− 5)(n− 2)J3,µ,µ−1
+ 2(n− 5)(n− 2)(n− 1)1−  J1,ν,ν−1 + [2(n− 5)(n− 2)(n− 1)− 2(6 + n− n
2)]
× J2,ν−1,ν−1 + 2(37− 35n+ 11n2 − n3)J2,ν,ν + 2[(n− 10)(n− 3)(1− )
− 2(n− 3)δ]J3,ν,ν−1 + 2(n− 3)(1− )2(J4,ν,ν − J4,ν−1,ν−1)
}
,
(190)
where in the second equality we have used Eqs. (95), (164) and also that
i lim
x′→x
∂η∂η′4GFQ(x, x′) = −
2
n− 2
[(1− )H]n+2

a4J4,ν−1,ν−1 , (191a)
i lim
x′→x
42GFQ(x, x′) =
2
n− 2
[(1− )H]n+2

a4J4,ν,ν . (191b)
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The other coincidence limit, given by Eq. (143), leads to
δij(U0βρσijµν + Uβ0ρσµνij) lim
x′→x
∂βG
F
µνρσ(x, x′)
= lim
x′→x
[−7− 8n+ 21n2 − 12n3 + 2n4
n− 2 (∂η + ∂η′)G
F
H(x, x′)
− 18− 14n+ 4n
2
(1− )Ha (∂η∂η′ +4)G
F
H(x, x′) +
(
10− 17n+ 8n2 − n3
+3 + 2n− n
2
2 
)
(∂η + ∂η′)GFQ(x, x′) +
2(n− 2)(n− 1)− (n− 1)
Ha
∂η∂η′G
F
Q(x, x′)
−3 + 2n− n
2
Ha
4GFQ(x, x′) +
n− 1
(Ha)2 (∂η + ∂η
′)4GFQ(x, x′)
]
= 2i[(1− )H]
n−1a
(n− 2)
{
(−7− 8n+ 21n2 − 12n3 + 2n4)J1,µ,µ−1
+ (n− 2)(9− 7n+ 2n2)(J2,µ−1,µ−1 − J2,µ,µ)− [2(n− 5)(n− 2)(n− 1)
+ (n+ 1)(n− 3)]J1,ν,ν−1 − (n− 1)(2n− 4− )(1− )J2,ν−1,ν−1
+(n− 3)(n+ 1)(1− )J2,ν,ν − (n− 1)(1− )2J3,ν,ν−1
}
.
(192)
We now substitute Eqs. (190) and (191a) into Eq. (189) to obtain
i
〈
H(1)(x)S(1)G,U
〉
0
= [(1− )H]
n−12
16(n− 1)a(η)
{
2(n− 1)2(−3 + 12n− 10n2 + 2n3)J1,µ,µ−1
+ (n− 1)(−106 + 100n− 35n2 + 5n3)J2,µ−1,µ−1 − (26− 122n
+109n2 − 38n3 + 5n4)J2,µ,µ + 8(n− 5)(n− 2)J3,µ,µ−1
}
In,−1(η)
− [(1− )H]
n−1
16(n− 1)a(η)
{
2
[
2(n− 5)(n− 2)(n− 1)2 − (n− 1)2(27− 16n
+2n2)− 4(n− 5)(n− 2)(n− 1)δ
]
J1,ν,ν−1 + 2
[
(n− 2)(n− 1)
×(3n− 7) + (11− 36n+ 24n2 − 5n3)− 4(n− 2)(n− 1)δ
]
J2,ν−1,ν−1
− 2
[
2(−17 + 17n− 7n2 + n3) + (31− 33n+ 17n2 − 3n3)
−2(n− 3)(n+ 1)δ
]
J2,ν,ν + 2
[
31− 15n+ 2n2 − (63− 32n+ 5n2)
− 4(n− 2)δ
]
J3,ν,ν−1 − 2(n− 3)(1− 3)(J4,ν−1,ν−1 − J4,ν,ν)
}
In,−1(η) .
(193)
Finally, we use Eqs. (176) and (B.11) to cast the expression above in the form
i
〈
H(1)(x)S(1)G,U
〉
0
= −Hn−1DG,U(n, , δ) , (194)
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with
DG,U(n, , δ) =
(1− )n−1A(n)µ
8(n− 2)2[(n− 1)(1− )− 2δ] (n− 1)n(n− 2)
2(36− 11n+ n2)
− (1− )
n−1A(n)ν
8(n− 2)2(n+ 2)[(n− 1)(1− )− 2δ]
[
4(n− 2)(n− 1)(11− 13n
− 5n2 + 4n3)− (n− 2)(36 + 23n+ 14n2 − 23n3 − 17n4 + 9n5)
−2(120− 57n− 38n2 + 49n3 − 25n4 + 5n5)δ
]
.
(195)
3.5. Renormalisation
We now turn to the renormalisation of the loop corrections computed in the previous
sections. Here we are dealing with a composite operator, whose divergences cannot be
fully absorbed in the renormalisation of the N -point functions of the basic fields alone.
It is known [73, 74]—and can be rigorously proven in general space-times [75]—that,
apart from the usual counter-terms in the bare Lagrangian, one also needs counter-terms
coming from all the operators that can mix with H. They are all the operators with
the same quantum numbers (spin, charges, etc) as and having equal or lower dimension
than H, in general. There would be just a finite number of such operators, were we
analysing a local observable, but for non-local observables like H the combinations are
endless and no general framework is available in the literature to determine them. The
only example of renormalisation of a non-local operator that is well understood is the
Wilson loop in non-Abelian gauge theories [76].
Inspired by the Wilson loop case and their results in the de Sitter case, Miao
et al [13] have conjectured that the operators RH and H3, where R corresponds to
the gauge-invariant Ricci scalar as in Eq. (20), should be enough to renormalise the
invariant expansion rate on FLRW background space-times, at least at one-loop order.
Short after, Fröb [14] showed that those operators and the operator H itself are enough
to renormalise the invariant expansion rate at one-loop order in spatially flat FLRW
space-times with constant deceleration. For the sake of completeness, we present Fröb’s
analysis below. In slow-roll inflation, however, the question of which operators mix with
H has a less clear-cut answer, as will become clear in what follows.
3.5.1. The constant- case The counter-terms coming from the coefficients of the
operators mixing with H must be at least order κ2, so all we need are the background
values of RH, H3 and H. They are
(RH)0 = (n− 1)(n− 2)H3, (H3)0 = H3 and H0 = H . (196)
If  is constant, however, the renormalisation procedure cannot distinguish between the
operators RH and H3 at this order, and we are allowed to only consider the latter. The
Graviton backreaction on the local cosmological expansion at one-loop order 41
expectation value of the renormalised invariant Hubble rate can then be written as
〈Hren(x)〉 = lim
n→4
[
H − κ2Hn−1C(n, ) + κ2 H2(1− )n−2 δV
+ κ2µn−4(H3)0α− κ2µn−2H0β
]
,
(197)
where
C(n, ) ≡ C1(n, ) + C2(n, ) , (198a)
C1(n, ) ≡ CGH(n, ) + CG,V (n, ) + CG,U(n, ) , (198b)
α and β are constant coefficients and µ is a renormalisation scale with dimension of
mass. We note that the combinations µn−2H0 and µn−4(H3)0 were chosen so to make
the coefficients α and β dimensionless. The renormalisation scale is arbitrary and we
shall choose it to be equal to the expansion rate H0 at the initial time.
We now have to impose renormalisation conditions in order to fix δV , α and β.
Here we follow Refs. [13, 77] and choose δV such that it cancels the divergences coming
from the one-particle-irreducible graviton one-point function at the initial time η0. This
condition implies that
δV = 2(1− )n−2Hn−20 C1(n, ) . (199)
The coefficients α and β should cancel out the divergences in C1 and C2 for η 6= η0 in
such a way that at the initial time the invariant expansion rate is equal to H0. Hence,
we choose
α = C(n, ) , (200a)
β = C1(n, ) . (200b)
That choice results in
〈Hren(x)〉 = H − κ2H3 ln
(
H
H0
)
lim
n→4[(n− 4)C(n, )] . (201)
This result can be further simplified if we use H = H0a−, resulting in
〈Hren(x)〉 = H + κ2H3 ln a lim
n→4[(n− 4)C(n, )] . (202)
3.5.2. The slow-roll case We start by reminding that in the slow-roll approximation
only quantities that vary slowly in time, i.e. whose time derivative is second order or
higher in the slow-roll parameters, are taken as constants. Hence, let us take a look at
the form of the counter-terms (177) and one-loop correction in that case. We only keep
terms up to first order in the slow-roll parameters and, as in the constant- case, take
δZ = 0. The result is
i
〈
H(1)(x)S(1)CT
〉
= κ2H2 δV . (203)
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Moreover, it is convenient to define
D(n, , δ) ≡ D1(n, , δ) +D2(n, , δ) , (204a)
D1(n, , δ) ≡ DGH(n, , δ) +DG,V (n, , δ) +DG,U(n, , δ) . (204b)
A simple computation then gives
D(n, , δ) = 1
n− 4
1
768pi2
[
63
(
1 + δ

)
− 4539− 103δ + 76δ
2

]
+O
(
(n− 4)0
)
. (205)
It is not difficult to conclude from Eq. (148) that the term δ/ cannot be taken as a
constant, a priori. This is because its time derivative is only first order in the slow-
roll approximation—see discussion below Eq. (173). All the other terms in Eq. (205),
however, vary slowly in time and, thus, can be well approximated by constants. Hence,
in principle, we must find another operator that mix with H and its counter-terms is
able to absorb the divergence of the term involving δ/.
At the same time, if we go back to the expression of the expectation value of the
renormalised H in the constant- case, Eq. (202), we see that there is an overall factor 
multiplying the loop correction. Hence, any term in C(n, ) of first order in  is pushed
to next order in that formula. Back to slow-roll inflation, let us assume for a moment
that δ/ is a constant. By making this assumption we are introducing in the expression
for D(n, , δ) an error at first order in the slow-roll approximation. The renormalisation
procedure in this case becomes identical to the constant- one and we can use the same
counter-terms as in that case. The renormalised result then reads
〈Hren(x)〉 = lim
n→4
[
H − κ2Hn−1D(n, , δ) + κ2H2 δV
+ κ2µn−4(H3)0α− κ2µn−2H0β
]
.
(206)
Again, we choose the renormalisation scale to beH0, δV to cancel the divergences coming
from the graviton one-point function at the initial time η0 and α and β to cancel the
divergences in D(n, , δ) and D1(n, , δ) when η 6= η0. Those choices give
δV = 2Hn−20 D1(n, , δ) (207)
and
α = D(n, , δ) , (208a)
β = D1(n, , δ) . (208b)
As a result, we obtain
〈Hren(x)〉 = H + κ2H3 ln a lim
n→4[(n− 4)D(n, , δ)] . (209)
This result is correct up to first order in the slow-roll parameters since the error in
assuming δ/ constant is pushed to the next order.
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We can also keep δ/ as a function of time and introduce a new counter-term to
absorb the corresponding divergence. Then, in addition to the operators employed in
the constant- case, we need an operator which on the background is proportional to
H3/. As expected, the list of such operators is endless. It is clear, however, that none
of these operators can be written as polynomials of derivatives of the metric alone. We
then choose the operator
H5√
−∇˜σH∇˜σH
. (210)
This operator might look as an unusual choice at first, but we note e.g. that the operator
measuring the local expansion rate was defined by a similar formula—see Eq. (46).] On
the background, the operator we suggest reads H5√
−∇˜σH∇˜σH

0
= H
3

. (211)
The expectation value of the renormalised H then is
〈Hren(x)〉 = lim
n→4
H − κ2Hn−1D(n, , δ) + κ2H2 δV + κ2µn−4(H3)0α
−κ2µn−2H0β + κ2µn−4
 H5√
−∇˜σH∇˜σH

0
γ
 .
(212)
For the sake of simplicity, let us write
D(n, , δ) = 1
n− 4
(
a+ b

)
+O
(
(n− 4)0
)
, (213)
with a and b constants. We choose the same renormalisation conditions as in the previous
examples, which amounts to take
δV = 2Hn−20 D1(n, , δ)|η=η0 (214)
and
α = a
n− 4 , (215a)
β = 2
n− 4D1(n, , δ)|η=η0 , (215b)
γ = b
n− 4 . (215c)
] Operators such as H or the one in Eq. (210) are defined only perturbatively, i.e. in terms of a power
series in the basic fields φ(1) and hµν .
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Then,
〈Hren(x)〉 = H − κ2 lim
n→4H
n−1
[
D(n, , δ)−
(
H0
H
)n−2
D1(n, , δ)|η=η0 −
(
H0
H
)n−4 a
n− 4
+
(
H0
H
)n−2
D1(n, , δ)|η=η0 −
(
H0
H
)n−4 b
n− 4
1

]
= H + κ2H2 ln a lim
n→4[(n− 4)D(n, , δ)] ,
(216)
which clearly agrees with the results obtained by treating all terms in D(n, , δ) as
constants.
Hence, our analysis of the renormalisation of H in slow-roll inflationary space-
times shows that, differently from expected [14], it is not possible to distinguish
between the counter-terms coming from the operators RH and H3 within the slow-roll
approximation. Moreover, it is not clear from the results above whether the operator
in Eq. (210) is really necessary for the renormalisation of H in more general FLRW
space-times or just an artifact of the slow-roll approximation.
3.6. Results
Two interesting cases in spatially flat FLRW space-times with constant deceleration
parameter are the matter- and radiation-dominated universes. We obtain from Eqs. (198)
and (202) the following. In the matter-dominated universe, matt = n−12 ,
C(n, matt) = − 1
n− 4
229
192pi2 +O
(
(n− 4)0
)
(217)
and
〈Hren(x)〉 = H
[
1− 229128pi2κ
2H2 ln a
]
. (218)
As for the radiation-dominated universe, rad = n2 ,
C(n, rad) = 0 (219)
and
〈Hren(x)〉 = H . (220)
Finally, in slow-roll inflation we use Eq. (205) in Eq. (209) to obtain
〈Hren(x)〉 = H
[
1 + 63768pi2κ
2(+ δ)H2 ln a
]
. (221)
As we can see from the results above, the invariant expansion rate receives a finite
quantum correction at one-loop order in the matter-dominated universe and slow-roll
inflation examples, while that correction vanishes in the radiation-dominated universe.
As explained in Ref. [14], the vanishing result in the radiation-dominated universe can be
easily understood once we notice that in this space-time the scale factor grows linearly
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with the conformal time, in which case the equation for the transverse, traceless graviton
modes becomes conformal [20]. Since our background is conformaly flat, no particle
creation occurs [78] and there is no backreaction at one loop-order.
Overall, that correction produces a secular effect, i.e. produces terms that grow
in time. The perturbative secular growth we find follows from the cumulative effect of
gravitons being copiously produced by the background expansion [24, 25]. Over time
that effect will become strong enough so the perturbative treatment breaks down, and
one needs to employ some kind of resummation method to obtain the non-perturbative
results. In the slow-roll case, for example, we can write the term multiplying H in
Eq. (221) as [14]
1 + 63768pi2κ
2(+ δ)H2 ln a+O
(
2, δ2
)
= a
63
768pi2 κ
2H20 (+δ) +O
(
2, δ2
)
. (222)
Then, going back to Eq. (221) and using Eq. (148), we have
〈Hren(x)〉 = H(ˆ) +O
(
2, δ2
)
, (223)
with the quantum-corrected deceleration parameter
ˆ = − 63768pi2κ
2H20 (+ δ) . (224)
As discussed in Ref. [14], in the case the second slow-roll parameter δ = 0 the quantum
correction shift  towards the de Sitter space-time, where  = 0. For finite δ, however,
the backreaction might move us towards or away the de Sitter space-time, depending
on the magnitude and sign of the second slow-roll parameter. Furthermore, we can see
from Eq. (221) that the correction vanishes when  = 0, which is consistent with what
has been found for pure de Sitter in other approaches [13, 77]. Nevertheless, our results
do not directly compare to the ones obtained in the pure de Sitter case as here we have
an additional scalar degree of freedom that does not go away simply by taking  = 0
and could show up at higher loop orders.
Note that sinceH = H0a−, a negative correction to  accelerates the expansion rate
while a positive one slows it down. From the calculation we see that the correction to
 is directly proportional to −D(n, , δ), therefore a positive divergent part in D(n, , δ)
accelerates the expansion while a negative one slows it down. In the constant- case
analysed in Ref. [14] it is easy to track down the signs of the contributions to C(n, )
and the picture it produces is crystal clear. The mutual attraction of the gravitons is
described by the interaction term CGH +CG,V +CG,U and gives a negative contribution,
slowing down the expansion as expected [24, 25]. The contribution from the pure second
order term C2, which only contains graviton vacuum fluctuations, however, gives a
positive contribution that surpass that of the interaction, producing an accelerated
expansion. In slow-roll inflation this nice picture is blurred by the terms involving the
ratio δ/, and tracking down the sign of the different contributions to D(n, , δ) is no
longer possible. That ratio is order one and does not have a defined sign, and depends
on the details of the scalar potential V (φ).
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4. Conclusions
In this paper we have discussed a recent proposal by Brunetti et al [42] and Fröb
and Lima [43, 44] to explicitly construct gauge-invariant observables in perturbative
quantum gravity, which form a class of relational observables. The method consists
in covering the space-time with configuration-dependent coordinates X˜(α). They are
defined as scalar fields satisfying some differential equation on the perturbed geometry,
which coincide with the background coordinates at the background level [42]. The
observables are then made gauge-invariant once expressed in terms of these coordinates.
The coordinates X˜(α) are non-local functionals of the metric, and their non-locality can
be made causal (i.e. to lie within the past lightcone of the observation point) by requiring
the differential equations they satisfy to be hyperbolic [43, 44]. In those references the
configuration-dependent coordinates were assumed to satisfy the wave equation. Here
we have proposed a generalisation of that construction, given by Eq. (2), better suited
for instances in which the background coordinates do not satisfy the wave equation. In
the case of perturbations around a de Sitter background in the co-moving coordinates,
for example, our proposal coincides with the one by Tsamis and Woodard [34] for a
non-local time coordinate.
We employed that proposal in the computation of the quantum gravitational
backreaction on the cosmological expansion rate at one-loop order. This calculation
builds on the recent work of Fröb [14], who used the same method to compute the
backreaction effect in single-field inflation with constant deceleration parameter. Here
we have revisited that calculation, which has led to the correction of some expressions
in Refs. [14, 44], and extended it to slow-roll inflation, with both slow-roll parameters
finite. Apart from the relevance of the slow-roll inflation to cosmology, there was also the
expectation [14] that slow-roll space-times could distinguish between the two counter-
terms suggested by Miao et al [13] to renormalise the invariant expansion rate H at
one-loop order and perhaps even unveil others.
In the case of space-times with constant deceleration, our results have confirmed
the conclusions of Fröb, inspite of the change in the numerical factors in Eqs. (218)
and (221). As for slow-roll inflation, we see from Eq. (224) that as soon as δ 6= 0 there is
a qualitative difference from when  is constant. The backreaction effect on the Hubble
rate now can either accelerate or slow down the background expansion, depending on the
sign and magnitude of δ, what ultimately depends on the details of the model. Moreover,
we have shown that it is not possible to distinguish between the counter-terms coming
from the operators RH and H3 within the slow-roll approximation, and it is not clear
whether the operator we proposed in Eq. (211) to mix with H is actually needed or it
is a mere artifact of that approximation.
It would be interesting to extend this calculation to the two-loop order. Although
it certainly involves a great deal of work, there is the expectation that non-trivial
effects could appear in pure de Sitter space [13] as well as in slow-roll inflation [14].
Moreover, an observable like H measures a rate with respect to a certain clock (in
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the case discussed here, the full inflaton field). Hence, different clocks will define
different operators describing different expansion rates in general. Therefore, it would
also be valuable to explore the gauge-invariant observables defined in Eq. (17) in
other configuration-dependent coordinates, specially in coordinates more suited to
observational cosmology [79, 80]. Another open issue is whether our results are
independent of the gauge-fixing choice. Here we have chosen a gauge condition that
considerably simplifies the calculation by turning H into a local observable—see
Eqs. (49) - (53). Thus, we would like to be sure that, if we had started from a different
gauge and then transformed to the gauge employed here, the expectation value of H
would remain the same. We hope to report on some of these questions in the future.
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Appendix A. Perturbative expansion of the action on arbitrary background
space-times
In this appendix we shall expand the action (54) up to third order in the perturbation
over an arbitrary n-dimensional background. Hence, we split the full metric g˜µν and the
full scalar field φ˜ as
g˜µν = gµν + κg(1)µν , (A.1a)
φ˜ = φ+ κφ(1) , (A.1b)
where gµν and φ are the background fields and g(1)µν and φ(1) are the perturbations.
We begin by expanding the gravitational part of the action, given by the Ricci
scalar R. Our starting point is again consider the covariant derivatives of the perturbed
and background metric, which are related by Eq. (6). The relation between the full
and background Riemann tensors is obtained by writing down the commutator of the
perturbed derivative operator ∇˜µ and then using Eq. (6). The result is
R˜ δµνγ = R δµνγ − 2∇[µCδν]γ + 2Cσγ[µCδν]σ , (A.2)
where the tensor Cσµν defined in Eq. (7). Hence, we can express the Ricci scalar of the
full metric as
R˜ = g˜µγRµγ − 2g˜µγ∇[µCνν]γ + 2g˜µγCσγ[µCνν]σ . (A.3)
The next step is to expand the inverse metric tensor g˜µν in powers of g(1)µν , with the
indices raised or lowered by the background metric gµν , and the tensor Cσµν . The terms
in the expansion of the inverse of the full metric Eq. (11), up to second order, are
g˜µν(1) = −g(1)µν , (A.4a)
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g˜µν(2) = g
(1)µ
σg
(1)σν , (A.4b)
g˜µν(3) = −g(1)µσg(1)σλg(1) νλ . (A.4c)
We then employ the expansion of g˜µν above to obtain
Cσµν = κC(1)σµν + κ2C(2)σµν + κ3C(3)σµν + . . . , (A.5)
where
C(1)σµν =
1
2g
σλ(∇µg(1)νλ +∇νg(1)µλ −∇λg(1)µν ) , (A.6a)
C(2)σµν = −
1
2g
(1)σλ(∇µg(1)νλ +∇νg(1)µλ −∇λg(1)µν ) , (A.6b)
C(3)σµν =
1
2g
(1)σδg
(1) λ
δ (∇µg(1)νλ +∇νg(1)µλ −∇λg(1)µν ) . (A.6c)
Finally, we substitute Eq. (11) and Eqs. (A.4) - (A.6) in the expression for the full Ricci
scalar, Eq. (A.3), which then results in
R˜ = R + κR˜(1) + κ2R˜(2) + κ3R˜(3) + . . . , (A.7)
with
R˜(1) =− g(1)µνRµν +∇µ∇νg(1)µν −∇µ∇µg(1) , (A.8a)
R˜(2) =g(1)µσg(1) νσ Rµν + g(1)σλ(∇µ∇µg(1)σλ −∇σ∇µg(1)µλ +∇σ∇λg(1) −∇µ∇σg(1)µλ )
+∇µg(1)µν∇νg(1) +
3
4∇
σg(1)µν∇σg(1)µν −
1
2∇
σg(1)µν∇νg(1)µσ −∇σg(1)σµ∇λg(1) µλ
− 14∇
µg(1)∇µg(1) , (A.8b)
R˜(3) =− g(1)µσg(1)σλg(1) νλ Rµν + 2(gµνg(1)λσg(1) δσ + g(1)µσg(1) νσ gλδ + g(1)µνg(1)λδ)
×∇[µ∇|δ|g(1)λ]ν +
1
2g
(1)µν
[1
2(∇µg
(1)∇νg(1) − 3∇µg(1)σλ∇νg(1)σλ) + 2∇σg(1)σµ∇λg(1)λν
− 3∇σg(1)µλ∇σg(1)λν − 2∇σg(1)σµ∇νg(1) + 2∇σg(1)λµ∇νg(1) λσ + 4∇σg(1)σλ∇µg(1)λν
− 2∇σg(1)σλ∇λg(1)µν − 2∇σg(1)∇µg(1)σν +∇σg(1)µλ∇λg(1)σν +∇σg(1)∇σg(1)µν
]
, (A.8c)
and above we have defined g(1) ≡ gµνg(1)µν .
We now turn to the perturbative expansion of the Einstein-Hilbert action. Apart
from the expansion of the Ricci scalar, we will also need the expansion of the square
root of the metric determinant. That can be easily obtained if we remember that the
determinant detM of a square matrix M can be written as
detM = etr lnM . (A.9)
The expansion of the square root of the determinant of the full metric is given by
√−g˜ =√−g
[
1 + κ2g
(1) − κ
2
4
(
g(1)µνg(1)µν −
1
2g
(1)2
)
+κ
3
6
(
g(1)µσg
(1)
σλ g
(1)λ
µ −
3
4g
(1)g(1)µνg(1)µν +
1
8g
(1)3
)
+ . . .
]
.
(A.10)
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Then, by combining Eqs. (A.7) and (A.10), we can write the full Einstein-Hilbert
Lagrangian density as
L˜EH = 1
κ2
√−gR + 1
κ
L˜(1)EH + L˜(2)EH + κL˜(3)EH + . . . , (A.11)
where
L˜(1)EH =−
√−gg(1)µνGµν , (A.12a)
L˜(2)EH =
√−g
[
−12g
(1)µνP σλµν g
(1)
σλ +
(
g
(1)µ
σg
(1)σν − 14g
(1)g(1)µν
)
Gµν
]
, (A.12b)
L˜(3)EH =
√−g
{1
8Y
αβγδµνρσg
(1)
γδ ∇αg(1)µν∇βg(1)ρσ +
1
4R
(
g(1)g(1)µνg(1)µν −
4
3g
(1)µσg
(1)
σλg
(1)λ
µ
−16g
(1)3
)
+ 14Gµν
[(
g(1)σλg
(1)
σλ −
1
2g
(1)2
)
g(1)µν − 4g(1)µσg(1)σλg(1)λν
+ 2g(1)g(1)µσg(1) νσ
]}
, (A.12c)
up to boundary terms. In Eq. (A.12), Gµν denotes the background Einstein tensor, the
tensor Y αβγδµνρσ has the same form as the tensor Uαβγδµνρσ defined in Eq. (59), but with
the Minkowski metric ηµν replaced by the background metric gµν , and we have defined
the operator
P σλµν · ≡ −
1
2[δ
σ
(µδ
λ
ν)∇α∇α · −2∇σ∇(µδλν) · +gσλ∇µ∇ν ·
+ gµν(∇σ∇λ · −gσλ∇α∇α · )− gµνRσλ · +δσ(µδλν)R · ] .
(A.13)
We note that the expression for L˜(3)EH agrees with the one in Ref. [81], apart from the
sign of the term g(1)∇µg(1)∇µg(1), and reproduces the expression in e.g. Ref. [14] when
the background is a FLRW space-time and g(1)µν = a2(η)hµν .
The perturbative expansion of the scalar part of the total Lagrangian density
requires less effort to be obtained. It is given by
L˜φ = −12
√−g[∇µφ∇µφ+ V (φ)] + κL˜(1)φ + κ2L˜(2)φ + κ3L˜(3)φ + . . . , (A.14)
where
L˜(1)φ =
√−g
[1
2g
(1)µνTµν − φ(1)
(
−∇µ∇µφ+ 12V
′(φ)
)]
, (A.15a)
L˜(2)φ =−
1
2
√−g
[1
2g
(1)µνK σλµν g
(1)
σλ + Tµν
(
g(1)µσg
(1) ν
σ −
1
4g
(1)g(1)µν
)]
− 12
√−g
[
φ(1)Pφ(1) + φ(1)Kµνg(1)µν + g(1)µνK∗µνφ(1)
+12g
(1)
(
−∇µ∇µφ+ 12V
′(φ)
)
φ(1)
]
, (A.15b)
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L(3)φ =−
1
2
√−g
{
[∇αφ∇αφ+ V (φ)]
(1
4g
(1)γ(1)µνg(1)µν −
1
3g
(1)µσg
(1)
σλg
(1)λ
µ −
1
24g
(1)3
)
−Tµν
(
g(1)µσg
(1)
σλ g
(1)λν + 18g
(1)2g(1)µν − 12g
(1)g(1)µσg
(1) ν
σ −
1
4g
(1)σλg
(1)
σλg
(1)µν
)}
+ 12
√−g
[(
g(1)µν − 12g
(1)gµν
)
∇µφ(1)∇νφ(1) − 2
(
g(1)µσg
(1) ν
σ −
1
2g
(1)g(1)µν
)
×∇µφ∇νφ(1) − 12∇
σ
(
g(1)µνg(1)µν −
1
2g
(1)2
)
∇σφφ(1) − 14V
′′(φ)g(1)φ(1)2
−16V
′′′(φ)φ(1)3
]
+ 14
√−g
{[
−∇α∇αφ+ 12V
′(φ)
]
(g(1)µνg(1)µν − g(1)2)φ(1)
}
,
(A.15c)
up to boundary terms. In the expressions above
Tµν = ∇µφ∇νφ− 12gµν [∇
αφ∇αφ+ V (φ)] (A.16)
is the scalar field energy-momentum tensor, V ′(φ) denotes the derivative of the potential
with respect to the scalar field, and we have defined the tensor
K σλµν ≡
1
2
{
[∇αφ∇αφ+ V (φ)]δσ(µδλν) − gµν∇σφ∇λφ
}
(A.17)
and the operators
P · ≡ −∇α∇α · +12V
′′(φ) · , (A.18)
Kµν · ≡ (∇µ∇νφ) · +2∇(µφ∇ν) · −12g
µν∇αφ∇α · (A.19)
and
K∗µν · ≡ −2∇(µφ∇ν) · +
1
2gµν
(
∇αφ∇α · +12V
′(φ) ·
)
. (A.20)
Appendix B. Analysis of the integral Jk,α,β
In this appendix we analyse and compute the integral defined in Eq. (94). We start by
performing the integration over the angular variables, which gives
Jk,α,β =
1
2npi n−32 Γ
(
n−1
2
)<e ∫ ∞
0
dqH(1)α (q)H
(2)
β (q)qk+n−2 , (B.1)
where k ∈ Z and n, α, β ∈ R.
As mentioned in Ref. [44], the scalar propagators GFH and GFQ can be infrared (IR)
divergent, depending on the values of the slow-roll parameters  and δ. Hence, it is
worth analysing the IR behaviour of the integral Jk,α,β with respect to the value of its
parameters. The limiting form of the Hankel function for small q [68] gives
Jk,α,β = · · ·+ cte×
∫ ε
0
dqqk+n−α−β−2 , (B.2)
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which is IR finite if
k + n− α− β − 1 > 0 . (B.3)
It is easy to check that the condition (B.3) is satisfied by all terms in Eqs. (95) and (164)
for all , |δ|  1. For large q, however, we have that H(1)α (q)H(2)β (q)qk+n−2 ∼ qk+n−3 and,
thus, that Jk,α,β is divergent in the ultraviolet (UV) if k + n − 3 ≥ 0, as expected. We
will employ the dimensional regularisation to deal with the UV divergences.
In order to compute the integral in Eq. (B.1) we use that
<eH(1)α (q)H(2)β (q) = Jα(q)Jβ(q) + Yα(q)Yβ(q) , (B.4)
where Jα(x) and Yα(x) are the Bessel functions of first and second kind, respectively [68].
It is convenient, however, to express the integrand in Eq. (B.1) solely in terms of the
Bessel function of first kind. To that end, we use that
Yα(x) =
cos(piα)Jα(x)− J−α(x)
sin(piα) (B.5)
to obtain
<eH(1)α (q)H(2)β (q) =
sin(piα) sin(piβ) + cos(piα) cos(piβ)
sin(piα) sin(piβ) Jα(q)Jβ(q)
+ 1sin(piα) sin(piβ)J−α(q)J−β(q)−
cos(piα)
sin(piα) sin(piβ)Jα(q)J−β(q)
− cos(piβ)sin(piα) sin(piβ)J−α(q)Jβ(q) .
(B.6)
Next, we have from Eq. (10.22.57) of Ref. [68] that
∫ ∞
0
dqJα(q)Jβq(q)qk+n−2 =
2k+n−2Γ(2− k − n)Γ
(
k+n+α+β−1
2
)
Γ
(
3−k−n+α+β
2
)
Γ
(
3−k−n+α−β
2
)
Γ
(
3−k−n−α+β
2
) , (B.7)
provided that the conditions k+n− 2 < 0 and k+n+α+β− 1 > 0 are satisfied. Note
that the former condition is the convergence condition for the UV, while the latter can
be obtained from the condition (B.3) for convergence in the IR. We then use the reflexion
formula for the Γ-functions in Eq. (B.7) to cast the right-hand side that expression in
the form∫ ∞
0
dqJα(q)Jβq(q)qk+n−2 =
2k+n−2
pi2
cos
[
pi
2 (k + n+ α− β)
]
cos
[
pi
2 (k + n− α + β)
]
cos
[
pi
2 (k + n− α− β)
]
sin[pi(k + n)]Γ(k + n− 1)
× Γ
(
k + n+ α + β − 1
2
)
Γ
(
k + n+ α− β − 1
2
)
Γ
(
k + n− α + β − 1
2
)
× Γ
(
k + n− α− β − 1
2
)
.
(B.8)
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Finally, with the aid of Eq. (B.8) and the change
α = µ− a ,
β = µ− b , (B.9)
with a, b ∈ Z, we can express the integral in Eq. (B.1) as
Jk,µ−a,µ−b =(−1)a+b+k 2
k−1
pi
n+1
2
cos(piµ) cos
[
pi
2 (k + n+ a+ b)
]
Γ
(
k+n+a−b−1
2
)
Γ
(
k+n−a+b−1
2
)
Γ(k + n− 1)Γ
(
n−1
2
)
sin[pi(n− 4)]
× Γ
(
k + n+ a+ b− 1
2 − µ
)
Γ
(
k + n− a− b− 1
2 + µ
)
,
(B.10)
after performing some manipulations involving trigonometric identities. The expression
above diverges as n→ 4, as expected. We provide a list of the values of Jk,µ−a,µ−b needed
for this paper for a given µ. They are
J0,µ−1,µ−1 = −A(n)µ n , (B.11a)
J1,µ,µ−1 = −A(n)µ n
(
n− 3
2 + µ
)
, (B.11b)
J2,µ−1,µ−1 = A(n)µ (n− 1)
(
n+ 1
2 − µ
)(
n− 3
2 + µ
)
, (B.11c)
J2,µ,µ = −A(n)µ (n− 1)
(
n− 1
2 + µ
)(
n− 3
2 + µ
)
, (B.11d)
J3,µ,µ−1 = A(n)µ (n− 1)
(
n+ 1
2 − µ
)(
n− 1
2 + µ
)(
n− 3
2 + µ
)
, (B.11e)
J4,µ−1,µ−1 = −A(n)µ
n2 − 1
n+ 2
(
n+ 3
2 − µ
)(
n+ 1
2 − µ
)(
n+ 1
2 + µ
)
(B.11f)
×
(
n− 1
2 + µ
)(
n− 3
2 + µ
)
, (B.11g)
J4,µ,µ = A(n)µ
n2 − 1
n+ 2
(
n+ 1
2 − µ
)(
n+ 1
2 + µ
)(
n− 1
2 + µ
)(
n− 3
2 + µ
)
, (B.11h)
where we have defined
A(n)µ ≡
cos
(
pi
2n
)
cos(piµ)Γ
(
n+1
2 − µ
)
Γ
(
n−3
2 + µ
)
2npi n2 Γ
(
n+2
2
)
sin[pi(n− 4)] . (B.12)
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